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FOREWORD 


by 


Proressor Dr.-InNG. ROBERT MELDAU 


| is with considerable pleasure that I write this Foreword 
to a book, written by Dr. Rose, devoted to the analysis of 
the internal processes of the family of mills which have 
freely moving grinding media. 

dy, Rose is well-known to the Fachgruppe ‘“‘Staub- 
techintk’”? of the Verein Deutscher Ingenieure, for his 
lectures in Germany on his researches into milling and 
into the general properties of powdered materials and 
lyoim my knowledge of him and of the researches which are 
leing carried out under his direction, I am sure that Dr. 
Kose and Mr, Sullivan are well equipped to write on the 
wubyect. 

The need for a book devoted to such an analysis is 
evident when the great number of “tumbling”’ mills used 
in industry, their low efficiency and the great resistance 
which they have offered to any substantial improvement, 
ij culled to mind. Thus, this book tackles a problem to 
which much thought has been devoted during at least a 
century and to the solution of which every advance will be 
welcome, 

lr, Rose uses, with convincing results, the method of 
ilimensional analysis as a preferred approach to his prob- 
nimi and it appears that the statistical behaviour of fine 
jurticles lends itself to such treatment, to a remarkable 
extent, 

To speak in milling terms; may the mill of Dr. Rose’s 
thoughts yield ever finer products for the use of those 

Me) 
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interested in this important subject! I believe that this 
book will provide improved theory and also furnish the 
means whereby those interested can obtain a deeper 
understanding of the internal mechanics of such mills. 


ROBERT MELDAU 


POLYTECHNISCHE HOCHSCHULE, 
HANNOVER. 





PREFACE 


A» with the previous volumes in the same series, the object 
of the present work is to bring together the data relating 
i some part of the field of science dealing with powdered 
iiuterials, in this case to the internal mechanics of the ball, 
tithe and rod mills, to analyse these data in the light of the 
Authors’ experience and researches and, as far as is pos- 
sible with the present state of knowledge of the subject, to 
present the results in a systematized form. 

Attention has been given to the ball, tube and rod mili 
lecause, although the results of numerous tests on these 
inuchines have been published, it is believed that no com- 
prehensive analysis has yet been made. Thus, for example, 
although many investigations have been carried out to 
show the influence of the various parameters defining the 
liaracteristics of the mill and the charge, as far as is known 
ihere has previously been offered no formula for the calcu- 
lution of the instantaneous rate of production of specific 
jurlace from a knowledge of these parameters. In Chapter 
), however, such a formula is provisionally presented. 

It is suggested that the formula is, at present, subject to 
an error of, say, +50%, and so is to be regarded as giving 
i first Approximation only to the desired result. Neverthe- 
lean, it 1s believed that the reduction of these data to such 
i formula is a considerable advance along the road to 

wcing the subject on a firm foundation and that the 
hilling in of details, with consequent improvement in 
iwouracy, is largely a matter of well-conducted experi- 
int, Even though the highest accuracy is lacking in the 
overall formula, the work is believed to be of some 
practical value since the influence of nearly every variable 
Ras been analysed in the light of the available data. ‘Thus, 
liv example, the mill operator will find information as to 
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the probable effect of variation of, say, ball size upon the 
grinding characteristics and power consumption of a mill 
and so he may predict, with some confidence, the direction 
in which a contemplated change in the mill parameters is 
likely to alter the mill performance. 

The reasons for restriction to the internal mechanics of 
the mill are several; these reasons being: 


(1) Several books dealing with the general design and 
operation of the tumbling mill are in existence, e.g. 
Herr Carl Mittag’s Hartzerkleinerung. 

(2) As far as is known no book dealing with the internal 
processes in a mill is available. 

(3) To have treated the problems of design and opera- 
tion of mills, in addition to the present field, would 
have defeated one of the objects of the Authors, 
which was to produce a small volume at moderate 
price which would fill a gap in the literature on the 
subject. It was not the intention to write more on 
parts of the field which are already adequately 
covered. 


The title “Internal Mechanics” has been chosen since 
only phenomena occurring in, or originating within, the 
shell of the mill have been treated. Thus, details such as 
classifiers, feed mechanisms, gearing and bearings have not 
been considered. The breakdown of gearing has been 
considered in conjunction with “‘surging’’, however, since 
it is the Authors’ belief that gear failures often arise from 
vibrations which are initiated by the oscillation (surging) 
of the mill charge within the shell. 

Similarly, the power required to drive a mill has been 
studied in detail, since the power demand is clearly con- 
trolled by the configuration of the charge within the mill 
and is so a matter of internal dynamics. 

No apology is offered for the introduction of a short re- 
view of the present state of knowledge of comminution of 
solid bodies since a knowledge of the operations taking 
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jluce within the mill cannot be most effectively applied 
without a background knowledge of the process for which 
ihe mull is required. 

Similarly, the introduction of a chapter reviewing the 
juhject of milling additives is justified on the grounds that 
ihhevae substances can greatly modify the behaviour of a 
iviiterial during comminution and so, even though it is 
iit definitely known whether this action is physical, 
(lemical or mechanical, it cannot be omitted from a book 
which purports to deal with the internal operations of the 
Mumbling” mill. 

l\ven though final answers cannot yet be given to many 
uf the problems encountered in the design and application 
af the ball, tube and rod mill, it is hoped that useful lines 
al treatment will be suggested to the reader. 

Whilst it is fully realized that this work is not a text- 
liiwok, in the sense that worked out and accepted theories 
are presented, nor is it a design manual in which is 
prevented a collection of formulae and useful data for 
(Miner and operator, it is hoped that it will be of interest 
iil value to the mill designer, to the operator, to the 
(lemical engineer and to the general reader with an 
iiilerest in mechanics and engineering. 

The Authors wish to express their indebtedness to all the 
jutlors whose works have been cited, and in particular 
ii) Mr. John Gross and Messrs. Coghill and Devaney whose 
works have been quoted at great length, to the U.S. 
Niiveau of Mines and to the American Institution of Min- 
iit incl Metallurgical Engineers, for permission to re- 
jiodice extensive data from the various publications 
iientioned in the text. 

Thanks are also due to all the manufacturers who have 
Hipplied illustrations and other data, their names being 
Hiled against the appropriate illustrations, for their 
iiitanee and permission to reproduce the material 
ohh to the I.M.E. for permission to reproduce Figs. 
4%, 3.4, 3.10 and 3.11, to Professor Andreasen for per- 
Wiion to reproduce Fig. 4.11 and to Dr. J. M. Connor 
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and the University of London for permission to reproduce 
Figs. 2.4 and 2.5. 

Finally, our best thanks are due to Mr. J. F. Hinsley and 
Monsieur P. Fobelets, who have kindly made available 
the results of their researches which have extended over 
many years and upon whose mathematical analyses much 
of the treatment of the motion and configuration of the 
mill charge is based, for their personal assistance and ad- 
vice. Finally, thanks are due to all whose writings have 
been consulted and to all who have contributed to the 
work by advice and criticism. 


POWDER SCIENCE LABORATORY H. E 
Kinc’s CoLLEGE, LONDON | R. M. 
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INTRODUCTION 


3 


I many industries the final product, or the raw material 
__ it Home stage of the manufacturing process, is in powdered 
___ lyri and in consequence the rapid and cheap preparation 
i! powdered materials is a matter of considerable economic 

| iWiportance. 
| e some cases the powdered material may be prepared 
__ tlivectly; for example by precipitation from solution, a 
jvocess which is used in the preparation of certain types of 
jiijiments and drugs, or by the vacuum drying of a fine 
| _ aytay of the material, a process which is widely adopted 
(iv the preparation of milk powder, soluble coffee extracts 
and similar products. Such processes are, however, of 
limited applicability and in by far the greatest number of 
lilustrial applications the powdered materials are pre- 
jiived by the reduction, in some form of mill, of the grain 
‘ive of the material having an initial size larger than that 
jequired in the final product. ‘These processes for the reduc- 
(inn of the particle size of a granular material are known 
uw ‘imilling” or “grinding” and it appears that these names 
aie used interchangeably, there being no accepted tech- 
Hival differentiation between the two. 

The reasons for the grinding of industrial materials are 
uinerous but the principal reasons may be summarized 
iitler the following headings: 
















(1) [he liberation of an economically important 
material from the unrequired constituents of a 
mixture. 

(2) lhe exposure of a large surface per unit mass of 
material in order to facilitate some chemical process. 

17 


18 BALL, TUBE AND ROD MILLS 


(3) To reduce the material to the desired form of the 
final product. 
(4) To satisfy market requirements. 


Examples of the first two classes occur in mineral dressing, 
in which size reduction is used to liberate the desired ore 
from the gangue and also to reduce the ore to a form in 
which it presents a large surface to the leaching reagents. 

Under the third heading may be classed many medicinal 
and pharmaceutical products, foodstuffs, fertilizers, in- 
secticides, etc., and under the fourth heading falls the size 
reduction of mineral ores, etc.; these materials often being 
reduced to particles of moderate size for ease in handling, 
storing and loading into trucks and into the holds of ships. 

The quantity of powder to be subjected to such pro- 
cesses of size reduction varies widely according to the 
industries involved, for example in the pharmaceutical 
industries the quantitites involved per annum, can be 
measured in terms of a few tons, or in the case of certain 
drugs, possibly a few pounds; whereas in the cement 
industry the quantities involved run into tens of millions 
of tons; the British cement industry alone having produced, 
in round figures, 124 million tons of Portland Cement in 
1955. 

For the preparation of small quantitites of powder many 
types of mill are available but, even so, the ball mill is fre- 
quently used. For the grinding of the largest quantities of 
material however, the ball, tube or rod mill is used almost 
exclusively, since these are the only types of mill which 
possess throughput capacity of the required magnitude. 

Thus, it is the extremely wide range of applications, and 
the great industrial importance, of the mills which con- 
stitute the “tumbling mill’’ family which forms the justi- 
fication for the present work. 

The great range of sizes covered by industrial ball mills 
is well exemplified by Fig. 1.1 and Fig. 1.2. In the first 
illustration is shown a laboratory batch mill of about 1-litre 
capacity, whilst in Fig. 1.2 is shown a tube mill used in the 
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Laboratory Batch Mill 








(Edgar Allen & Co. Lid.) 


Fic. 1.2 
Large Industrial Tube Mill 
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cement industry, the tube having a diameter of about 
8 ft and length of about 45 ft. In Fig. 1.3 1s shown a large 
ball mill, designed for the dry grinding of limestone, dolo- 
mite, quartz, refractory and similar materials; this type of 
mill being made in a series of sizes having diameters rang- 
ing from about 26 in. to 108 in., with the corresponding 
lengths of drum ranging from about 15 in. to 55 in. 


RET 





(Edgar Allen Qi 
Fic. 1.3 


Industrial Ball Mull 
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At this point it is perhaps of value to study the 
iamenclature used in connection with the mills under 
ionsideration, but it must be emphasized that the lines of 
ilemarcation between the types to which the names are 
apphed are not very definite. 

The broadest classification appears to be: 


(1) Ball mills. 
(2) ‘Tube mills. 
a Rod mills. 


4) Pebble mills. 


The term “‘ball mill” is usually applied to a mill in 
which the grinding media are bodies of spherical form 
('fnalls’?) and in which the length of the mill is of the same 
Hitler as the diameter of the mill body; in rough figures the 
Iynyth is, say, one to three times the diameter of the mill. 

The “tube mill’ is a mill in which the grinding bodies 
‘wie bpherical but in which the length of the mill body is 
eater in proportion to the diameter than 1s the case of the 
“Vall mill’; in fact the length to diameter ratio is often of 
the order of ten to one. 

The rod mill is a mill in which the grinding bodies are 
yivitilar rods instead of balls, and, in order to avoid 
“innpling’ of the rods, the length to diameter ratio of 
Wiech mills is usually within the range of about 1-5 to 1 and 



















I, 

lie pebble mill is the name associated with a mill in 
(hi the grinding bodies are natural pebbles or possibly 
iit bodies; the general proportions of the mill being 


4 


for a ‘ball mill’. 

‘twill be noticed that the differentiation between ball 
ll aticl the tube mill arises only from the different length 
(limimeter ratios involved, and not from any difference 
liitilamental principles. The rod mill, however, differs 
jiitiviple in that the grinding bodies are rods instead of 
wies, whilst a pebble mill is a ball mill in which the 
iii bodies are of natural stone or of ceramic material. 
die types of mill normally encountered can further be 
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classified according to the method of feeding the raw 
material to, and the removal of the final product from the 
mill, | 

These classes are: 

(1) Batch mills. 

(2) Grate discharge mills. 

(3) ‘Trunnion overflow mills. 

(4) Air-swept mills. 

The principles of these mills are illustrated in Fig. 1.4 and 
Tiga. t Ge 

As the name implies, in the batch mills, Fig. 1.4a, the 
charge of powder to be ground is loaded into the mill in a 
batch and, after the grinding process is completed, is re- 
moved in a batch. Clearly such a mode of operation can 
only be applied to mills of small or moderate sizes; say to 
mills of up to about 7 ft diameter by about 7 ft long. 

In the three other types of mill a continuous supply and 
removal of the powder is maintained, and these method 
are applicable to mills of the largest sizes. 

In the grate discharge mull, Fig. 1.4b, a diaphragm in 
the form of a grating confines the ball charge to one end of 
the mill and the space between the diaphragm and the 
other end of the mill houses a scoop for the removal of the 
ground material. The raw material is fed in through a 
hollow trunnion at the entrance end of the mill and during 
grinding traverses the ball charge; after which it passeq 
through the grating and is picked up and removed by th@ 
discharge scoop or is discharged through peripheral portay 
In this connection, it is relevant to mention that scoops are 
sometimes referred to as “‘lifters’’ in the literature. In the 
present work, the use of the term “‘lifter” will be confinet 
to the description of a certain form of mill liner construg@ 
tion, fitted with “‘lifter bars’? in order to promote thé 
tumbling of the charge, which will be described in a later 
section. | 

In the trunnion overflow mill, Fig. 1.4c the raw materia 
is fed in through a hollow trunnion at one end of the mill 
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Layout of a typical closed-circuit plant 


and the ground product “overflows” at the other end. In 
this case, therefore, the grating and discharge scoop 
are eliminated. 

A variant of the grate discharge mill is shown in Fig. 
1.4d, in which the discharge scoop is eliminated by the 
provision of peripheral discharge ports, with a suitable 
“dust”? hood, at the exit end of the mill. : 

In an air-swept mill, the body of which does not diffet 
significantly in general design from a trunnion overfloy 
mill, a powerful stream of air is passed through the mill 
and removes the finer particles produced by the grinding 
process. ‘This stream of powder-laden air is then pass@ 
through the classifier and the “oversize”’ material, rejected 
by the classifier, is returned to the mill with sufficient feed 
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Witerial to maintain the charge at the working level. The 
ou of such a closed-circuit plant is shown in Fig. 1.5. 
The grinding in a batch mill, a grate discharge mill or 
Wiitinion overflow mill may be performed either “wet’’ or 
“iy, but clearly in an “‘air-swept” mill the grinding 
jit be carried out in the dry state. 

ln ‘wet’? grinding the material to be ground is fed to 
tw mill in the form of a “pulp” containing, perhaps, 50% 
iy weight of water. In dry grinding, however, the granular 
iiterial is fed into the mill in a sensibly dry condition; the 
wily moisture present being the few percent normally held 
ihe powder. Both the grate mill and the trunnion over- 
Wiw mill may be operated in either of two distinct ways, 
“iwi respectively as “open-circuit” operation and 
tliwed-circuit” operation, and, furthermore, either of 
in inethods of operation may be worked either “‘wet”’ or 
Why”. 

Iii Hpen-circuit grinding the mill product is not subject 
# any classification, other than that which occurs within 
iy mill by reason of selective grinding of the larger par- 
sles, and no part of it is,returned to the mill for further 
Viltment. In closed-circuit grinding, however, the pro- 
Wit ol the mill is conveyed to some form of classifier, and 
i) material coarser than the required maximum size is 
Hiirnecl to the mill feed; sufheient new feed material be- 
vclded to maintain the charge within the mill at the 
Wiating level. For wet grinding a hydraulic classifier is 
Wil whilst for dry grinding an air separator, normally of 
§ 1 yclone type, is necessary. 

“the “air-swept” method of operation of a mill elimin- 
) the conveyor system which was often used in earlier 
# ol plant to transport the product to the classifier and 
# (Versize material from the classifier back to the mill. 
) clear, however, that such a system can only be used 
pwlully when the material undergoing treatment is 
iiently light, and the particles produced are sufficiently 
all, for the desired final product to be entrained in the 
*irenm., Furthermore, the removal of the powder from 
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the air stream, or its utilization whilst suspended in the 
stream must be practicable and, for these reasons, a 
typical application of systems of this type is in connection 
with the grinding of coal for pulverized fuel firing, since, 
in this case, the fuel may be burnt directly in the air stream 

which carries it. 

Within the classes of mills enumerated above there are 

a number of variations; for example there occur in practi¢ 

mills in which the shell is divided into a number of cham 
bers by means of perforated diaphragms and it is arranged 
that the mean diameter of the balls in the various chambers 
shall decrease towards the discharge end of the mill; such 
an arrangement being shown in Fig. 1.6. The reason for 
this distribution of ball size is that, for optimum grinding 
conditions, the ratio of ball diameter to particle diameter 
should be approximately constant. In consequence smaller 
balls should be used for the later stages of the grinding 
process, where the powder is finer, and by the adoption of 
a number of chambers in each of which the mean ball dia« 
meter is suitably chosen an approximation is made towardff 
the desired constancy in the ratio of the ball size to the 
particle size. 
The problem of the optimum distribution of ball siz¢ 
within a mill will be dealt with more fully in a later 
chapter, but at this point it is relevant to mention a mill 
in which the segregation of the balls is brought about by an 
ingenious method; especially as the mill carries a disting 
tive name, even though no principles which place it out 
side the classification given previously are involved. 
The Hardinge mill, Fig. 1.7, uses spheres as a grinding 
agent but the body is of cylindro-conical form and usualh 
has a length to diameter ratio intermediate between thos¢ 
associated with the ball mill and the tube mill. ‘The reasoi 
for this form of construction is that it is found that, durin 
the operation of the mill, the largest balls accumulaté @ 
the large end of the cone and the smallest balls at the smal 
end; there being a centinuous gradation of size along th 
cone. If then the raw material is fed in at the large end @ 


y 
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Fic. 1.6 
Three-compartment tube mi 
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the mill and the ground product removed at the smaller 
end, the powder in its progression through the mill is 
ground by progressively small balls and in consequence the 
theoretical ideal of a constant ratio between ball size and 
particle size during grinding is, to some extent, attained. 

The type of ball mill illustrated in Fig. 1.3, incorporates 
a peripheral discharge through fine screens lining thé 
cylindrical part of the mill. Heavy perforated plates pro- 








(Hardinge Co. Ine.) 


Fic. 1.7 
The Hardinge Mill 


tect the screens from injury and act as a lining for the 
tumbling charge; sometimes also the fine screen is further 
protected by coarse screens mounted directly inside 1 
This type of mill, which is often known as the Krupp milly 
is of interest since it represents a very early type of mill 
which, with modifications, has retained its popularity, 
The Krupp mill is particularly suited to the grinding Gl 
soft materials since the rate of wear of the perforated liner 
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fy (hen not excessive. At this point it will perhaps be useful 
i) tlivcuss the factors upon which the choice between a 
bul, a tube or a rod mill depends. 

When a mill is used as a batch mill, the capacity of the 
Will is clearly limited to the quantity which can be handled 
Wiiiually; furthermore the mill is, as far as useful work is 
soncerned, idle during the time required for loading and 
iilouding the machine: the load factor thus being ad- 
Yermely affected. Clearly then, there will be a considerable 
be in throughput, a saving in handling costs and im- 


jioved load factor, if the mill operation is made continuous 
1) vecling the material into the mill through one trunnion 
aud withdrawing it either through the other trunnion or 
Hitouwh discharge ports at the exit end of the mill body. 
Since, however, the flow of powder through the mill is 
iwiw continuous, it is necessary that the mill body is of such 
“4 length that the powder is in the mill for a time sufficiently 
fii lor the grinding to be carried to the required degree 
i fineness. This, in general, demands a mill body of con- 
Wilevable length, or continuous circulation with a classifier, 
wil it is increased length which gives rise to the “‘tube 
mill”, 
P li) (he metallurgical industries very large tonnages have 
») he handled and, furthermore, an excess of fine material 
) desirable since it often complicates subsequent treat- 
fiviit processes. In such applications a single-stage tube 
Willin circuit with a product classifier, by means of which the 
Niterial which has reached optimum fineness is removed 
hy (ransport to the subsequent processing and the oversize 
\ returned to the mill for further grinding, is an obvious 
Siliition. Once continuous feed and a long mill body have 
Wwen uccepted, however, the overall grinding efficiency of 
)w mill may be improved by fairly simple modifications. 
Aw has already been mentioned; for optimum grinding 
Wilitions there is a fairly definite ratio of ball size to 
fiicle size and so the most efficient grinding process can- 
it he attained when a product with a large size range is 
fedent in the mill. If, however, a tube mill is divided into 
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a number of compartments and the mean ball size of the 
grinding media decreases in each succeeding comparte 
ment; then the optimum ratio between ball size and par- 
ticle size is more nearly maintained, and a better overall 
performance of the mill is achieved; this giving rise to the 
compartment mill shown in Fig. 1.6. The tube mill has the 
further advantage that, to some extent, the grinding char- 
acteristics of the mill are under control; for example, an 
increase in the size of the balls in the final chamber will 
reduce the rate of grinding of the finer fractions but will 
leave the rate of grinding of the coarser fractions sensibly 
unchanged and so the amount of coarse material in the 
final product will be reduced without any excessive overall 
increase in fineness. 

The principal field of application of the rod mill is prob- 
ably as an intermediate stage between the crushing plant 
and the ball mills, in the metallurgical industries. ‘Thus, 
material between about 1l-in. and 2-in. size may be ree 
duced to about —6 mesh for feeding to the ball mills. Rod 
mills are, however, being used in closed circuit with a 
classifier to produce a product of less than about —“— 
size, but such applications are unusual. 

The choice between wet and dry milling is, in general, 
unimportant in small-scale milling but is a major technical | 
problem when large-scale milling in the metallurgical 
industries is involved. On purely mechanical grounds it } 
difficult to see any great difference in fundamental prin 
ciples between wet and dry milling, since dry milling may 
be regarded as wet milling with a fluid having the viscosity 
and density of air, whereas with wet milling the fluid is a 
liquid. A slight difference of condition between the tweé 
cases, however, is that with dry milling the fluid (air) fill 
the whole of the mill shell not occupied by the balls 
whereas with wet milling the liquid occupies only a part 0 
the mill volume not occupied by the solid charge. Thi 
difference would be expected to have some slight effect or 
the motion of the ball charge but the effect would b 
expected to be so small as to be practically negligible, 
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Av examination of the literature shows, however, that 
-uwetunl difference between the results of wet and dry 
i lin are often very large; for example the power to 
jive « tube mill in which a given material is being wet 
fil, may be as much as 30 % less than that of a similar 
\l «vy grinding. Furthermore the throughput of a con- 
Hii teed mill is greater in wet grinding; probably due 
the better flow properties of a pulp in comparison with 
yyy material. It appears, however, that the rate of ball 
liner wear ls greater in wet milling so the decision be- 
ei wet and dry operation is, in cases where the choice 
permitted, a matter of balancing the economic gain 
wii from reduced power demand and _ increased 
Wtiwhput against the increased cost of replacement of 
iy hall charge and the mill liners and the loss of produc- 
i luring the shut down period necessary for such re- 
japvinents to be made. 
teurly in certain applications, this choice is not per- 
lited! since, for example, the grinding of the raw mix ina 
Went plant may be carried out either wet or dry but the 
ji ling of the cement can, from the nature of the material, 
ly he carried out dry. 
lurther important point of difference between wet and 
4) milling is that wet milling allows the easy introduction 
Hurface active media for the reduction of the energy re- 
Wived to produce unit new surface or for the inhibition of 
“ination of the fine particles. It is theoretically possible 
iivocduce such substances in gaseous or vapour form 
i wclry mill but, in practice, such methods have not been 
Miviently successful to justify wide adoption, and, in fact 
) only practicable method of introducing such materials 
wet milling. 
Nniicleration can now well be given to some of the 
fave typon which the choice of the type of mill, or the 
iol of operation of a given mill, for the grinding of a 
riled material will depend. In the first place it is per- 
vl interest to note that the problems encountered in 
) jiveparation of powdered materials are not necessarily 
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reduced when the quantity of material to be processed is 
small. As an example of this, in the preparation of 
materials such as Portland Cement, which sell at relatively 
low prices, the problem is mainly one of obtaining a final 
product having the required size characteristics at a mini- 
mum total cost per ton and, in this case, questions of the 
the contamination of the material, during processing, 
scarcely arise. 

In the grinding of drugs and cosmetic preparations, 
however, the question of the cost of the grinding process, 
per pound of product, is scarcely significant in relation to 
the high value of these materials but the avoidance of con- 
tamination is a major problem. Thus, the inclusion of iron, 
from the balls and the mill body, in ‘“‘face powder’ ig 
highly undesirable since such iron imparts a brown tint to 
the powder, and for this reason cosmetic and similar 
materials are usually ground in a mill having a cerami¢ ~ 
body and with smooth natural pebbles as the grinding 
medium; that is, in a pebble mill. Similarly, pebble mills 
are used for grinding of feldspar for high-grade porcelain, 
since, as the previous case, minute traces of iron will intro- 
duce objectionable tinting. In this connection, it is of 
interest to note that there appears to be extant a licence 
for the removal of five tons of pebbles from Chesil Beach 
per annum; these pebbles, which are naturally graded for 
size, being ideal for use in pebble mills. 

As an extreme example of the importance of the elimina 
tion of contamination may be quoted the grinding of 
minute quantities of metallic halides, used in certain 
classes of infra-red absorption spectroscopy, for which pur« 
pose a small vibration mill with body and balls made of 
agate is often used. In cases such as these, the decision ag 
to wet or dry grinding is rarely based on economic cons 
siderations, but is usually made on the basis of a study of a 
number of extraneous factors, such as some special 
property of the material being processed, some desired 
condition of the final product or of the initial and final 
states of the materials involved. 
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‘Thu pyrotechnic materials might well be ground dry, 
jv this would, in general, give a product having superior 
Waracteristics to one which has been ground wet, but if 
i material were very reactive it would probably be 
fic in an inert atmosphere. Similarly, tungsten carbide 
/ ie in the preparation of sintered carbide tool-tips 
wild be ground dry, since moisture would complicate the 
Iequent processes and be harmful to the final product. 
tallic powder pigments would probably be ground dry, 
4/0 by this means discoloration is minimized. ‘The grind- 
yj ol aluminium for the preparation of paint is, however, 
jinn carried out wet since by this means stearic acid, or 
we other antiflocculent, may be introduced. 

Vinally, clays for the preparation of ceramic slips would 
piwonably be expected to be ground wet, since the initial 
Wiilition of the clay is wet and it is required in a wet form 
) wubsequent processing. Clearly, in such a case, dry 
Hiding, which would involve drying, would be uneco- 
Hiiic and would only be adopted in very special circum- 
anees, An application of the ball mill which can scarcely 
(laysed as milling but which should, nevertheless, be 
Wiitioned is the dispersion of pigment in the varnish 
liicle in connection with the manufacture of paint. The 
jwentration of solid material in the suspension is, in this 
jilication, usually quite low, generally being about 10% 
y volume, and, although no appreciable reduction of the 
of the particles occurs, considerable ball wear is often 
i/miintered. These observations are of some interest in 
yw of a theory of the internal dynamics of the ball mill, 
fpounded by one of the present writers, since that theory 
iyeuts that when the quantity of solid material is small in 
Iution to the volume of the ball charge, the particle size 
Kietion might be small but that the ball wear would be 
yreciable. 

Viom the foregoing outline of the problems involved in 
# ielection of a mill for a given purpose and in the opera- 
Hii of mills, it is apparent that the subject is very com- 
ys. urthermore, much of the theory underlying a rigid 











34 BALL, TUBE AND ROD MILLS 


solution of any problem is in a very fluid state ar 
consequence, the solution of a practical problem rou ef 
involves the use of considerable judgement, Scel 
previous experience, to temper the conclusions dra 
from theoretical analysis. | 


CHAPTER 2 


THE MOTION OF THE CHARGE 
WITHIN A MILL 


Tiiv, motion of the charge, that is the grinding media and 
(ie material undergoing grinding, within a mill is of con- 
jilerable theoretical interest and practical importance, 
sil, lor these reasons, has been the subject of considerable 
ilitcly by a number of workers, but, even so, no rigid and 
jumplete theory, covering all the aspects of the dynamics 
mf the mill charge, has yet been produced. The practical 
\iiipiortance of this subject clearly resides in the possibility 
i! the prediction of the grinding behaviour, and other 
With characteristics, of a mill from the knowledge of the 
iWijectories of the elements of the mill charge. The 
jhworetical interest lies in the study of the dynamics of 
ie #ystem and in the derivation of equations to define the 
Wiotion of the elements of the mill charge in terms of 
iidamental quantities such as the size and the speed of 
Wiition of the mill. A simple example of the practical 
portance of this information is in the use of the know- 
tiitlwe of the trajectories followed by the balls in a mill to 
iivtermine the speed at which the mill must run in order 
hat the descending balls shall fall on the toe of the charge, 
gil not upon the mill liner. The impact of the balls upon 
iw liner plates can lead to unduly rapid wear of the 
iter, and so to high maintenance costs. 

_ In this chapter the motion of the particles constituting 
the charge of the mill will be considered; it being assumed 
iit there is no slip between the mill shell and the charge. 
There exists another type of motion, in which the charge 
i) « whole slips relative to the shell, which gives rise to the 
; 35 
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phenomenon of “‘surging’’, but consideration of this type 
of motion will be deferred until a later chapter. 

A study, from first principles, of the behaviour of a mill 
charge is much simplified if the charge is imagined to be 
composed of rods, instead of balls, since by this means the 
complication of any axial motion of the balls is eliminated 
and the problem is reduced to one in two dimensions, 
Consider first the motion of a single rod, of diameter d, 
within a smooth shell of internal diameter D; when the 
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shell rotates about a horizontal axis with an angular 
velocity 7 radians per second. In such a case the rod will 
lie near the lowest point of the mill, as in Fig. 2.1 and will 
rotate at such speed that the peripheral speed of the rod i 
the same as that of the shell. Furthermore, the displace 
ment of the radius vector joining the centre of the mill ane 
that of the rod would be such that the work done by reaso 
of the couple formed by this displacement is equal to th 
energy dissipated in the distortion of the rod and shell 
the line of contact. | 

If now two rods are placed within the mill, as in Fig, 2. 
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thy motions of the surfaces of the rods at the point of con- 
jac t are in opposite senses and free motion inside the shell 
‘Wj eliminated. In this case the angle between the vertical 
iil the radius vector joining the centre of the mill and the 
fentre of gravity of the pair of rods is much greater than 
that lor a single rod. But, again, equality exists between 
tiv work done to rotate the shell and that dissipated in 
NWirtion at the contact points and in distortion of the metal 
siitaces, A further increase in the number of rods would 
yuhunce this effect until relative rotation between the rods 





a Steel Balls Only. 
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largely precluded and, in this respect, the charge be- 
vine almost as a solid body. 

lie correctness of this view is supported by the work of 
ul the present authors who, with a co-worker, Rose 
i] Vivans,“ has shown that, for all other factors remain- 
iqual, the power to drive a mill increases with the 
Win of the ratio (D/d); that is for increasing numbers of 
all tods (in the experiments balls were used). This rela- 
ship, shown in Fig. 2.3 indicates, at once, that the 
jiaeement of the centre of gravity of the charge in- 
ie with an increasing number of balls, which is in 
Wilance with the reasoning given above. This figure 
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also shows that the variation in the displacement of the 
centre of gravity is much less when the coefficient of fric- 
tion between the surfaces is high, which indicates that, for 
this condition, the locking of the charge is effective when 
but a few elements are involved. 

If the speed of rotation of the mill is so low that the 
effects of centripetal acceleration may be neglected, then 
the displacement of the centre of gravity of the charge will 
increase until either of two possible limiting conditions is 
reached; these conditions being: 


(1) The tangential force at the shell, necessary to main« 
tain the displacement of the mass centre of the 
charge, becomes equal to the frictional force. When 
this state is reached the whole charge slips back. 

(2) The angle of displacement, 0, reaches 30° when, 
since the centres of the rods in each layer then fall 
on vertical lines, the heap of rods collapses. 


In fact this is a trivial case, since the effects of centripetal 
acceleration profoundly affect the motion of the elements 
of the charge, but for slow speeds of rotation the motion of 
the charge in a practical mill approximates to that given 
by case (2) above. In this motion the balls (or rods) will 
travel on circular arcs, concentric with the shell of the mill, 
until the point of instability 1s reached, after which they 
roll down the surface, which 1s inclined at about 30° to the 
horizontal, in a series of parallel layers. This motion is 
shown on a photograph taken through the transparent 
end of a model mill in Fig. 2.4. It will be noticed that a 
small “‘vortex’’ exists towards the middle of the chargé, 
At higher speeds of rotation the balls no longer roll down 
the surface of the charge but, at a certain point, are pro 
jected into space and thereafter describe approximatel 
parabolic paths before again meeting the ball mass; them 
ball paths being as shown in Fig. 2.5. There appear to b 
no universally adopted names for these two types Gi 
motion of the charge, but the evidence appears to be il 
favour of “cascading”’ for the first type and “‘cataracting” 
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for the second type. These names will be adopted for the 
present work. 

As the speed of rotation of the mill is increased the 
particles are projected with progressively greater velocities 
until the theoretical trajectory for a particle, which is in 
fact lying against the mill shell, would fall wholly outside 
the shell. Clearly, since the particle cannot pass through 
the shell, it would lie against the shell throughout the cycle 
and so be carried around continuously with the mill shell, 
This condition is known as centrifuging and the speed of 
rotation at which it occurs, for the outermost layer of 
particles, is known as the “critical speed”’ of the mill. 
This speed, the critical speed, 1s of considerable important, 
in mill technology since, for example, other factors being 
equal, the equal performance of two mills of different sizes 
demands that the ratio of the actual running speed to the 
critical speed should be the same for the two mills. An 
expression for the critical speed of a mill will now be 
derived. 

By reference to Fig. 2.6, it is easily seen that if the 
trajectory is not to fall inszde the shell, the radius of curva 
ture of the path, 9, must be greater than R, that is than 
that of the mill shell. Furthermore, this must be true for 
from wherever the trajectory might start. 

From the dynamics of a particle it follows that for the 
trajectory, 

x’ = Vecosa x" = 0 2.1) 
y V sin a — gt y” = g eees ( ® / 
Also, from elementary mathematics, the radius of 
curvature, 9, of any curve Is given by 
{1 + (dy/dx)?}8/2 
= d2y/dx2 
which by substitution (for example, see Todhunter’s Di/ 
ferential Calculus, p. 174) gives | 
124 yl 2\ 3/2 
qs WN 1 es 


, i 


en ya 


oll 
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Thus from the conditions specified 9 > R, so, substituting 


win (2.1) into (2.2). 


V3 





ae gV cosa 
V2 
~~ £COS @ 
a en ToT (2.3) 
{ cos a> 1-0 so the limiting condition is «=0 which cor- 
ponds to 
V2/geR = | 
L dince V = oR, w2 = g/R 


m which w = /(g/R) Ais 
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When the diameter of the ball is taken into considera: 
tion, the radius of the outermost ball path is given by 
4(D—d) which, when substituted for R in equation (2.4), 


gives 
= V{2g/(D—4)} 
and this on expansion by the binomial theorem leads to 
= 4/(29/D).(1+0:5d/D) .... Qa 


If, as is usually the case in practice, the value of d/D is 
less than about 1/20, the second bracketed term may, in 
general, be taken as unity. 

In this treatment @ is the angular velocity of precession 
of the mill charge and, because of slip between the mill 
shell and the charge, this is not necessarily equal to 9, the 
angular velocity of the mill shell. If, as is often the case, 
this slip is assumed to be negligible, ‘then o = =n and thesé 
equations may be cast into the slightly more convenient 


practical form 
N, = (60/22) 4/(2g/D) 
= 76:64/(1/D) ».e- (2.6) 


J 


where D is the mill diameter in feet and N, is the critical 
speed of the mill in r.p.m. 

The above formula is based on the assumption that 
there is no slip between the ball charge and mill shell and 
to allow a margin of error, it has been common practi¢e 
to increase the coefficient in the equation by as much @ 
20%. 

That relative slip between the charge and shell is of ir 
portance in this connection is supported by the work 
Rose and Evans) who report that, using ground ste 
balls in a small-scale model mill made of solid-drawn bre 
tube, centrifuging did not occur even at running peed a 
120 % of the critical value. However, when the same 
was fitted with effective lifters centrifuging occurred whet 
the actual speed exceeded the theoretical value by a: 
per cent. This observation is confirmed by Grinder, © y 
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showed that centrifuging in a mill with porcelain balls and 
body occurred when the actual speed exceeded the calcu- 
lated critical value by about 5% to 10%. It is question- 
able, however, whether with modern liners maintained 
in reasonable condition the increasing of the value of the 
coeficient of equation (2.6) by 20% is necessary or 
lesirable. 

Attention will now be turned to a more detailed analysis 
of the motion of the ball charge. In the first place, on the 
ae of simplicity, the analysis first developed by 
Juvis will be considered, even though, as shown later, 
it is, In certain respects, an over-simplification. 

/onsider a point P, Fig. 2.7, at which the projection of 
(he particle occurs and let this point be at a distance 7 from 
the centre of the mill. In this connection, the “‘point of 
 leinesang may be considered to be the point at which the 
inajectory of the particle is influenced by gravity and is not 
wholly controlled by the packing of the surrounding 
iharge. 

Vor projection to occur, it is necessary that the radius of 
(urvature of the path under the influence of gravity should 
lw smaller than the radius of curvature of the initial 
(ivcular path. An expression for the radius of curvature of 
ie path under gravity is given by equations (2.2) and 
(5) from which 

r < V2/(g cos a) 


= a 


Which, for the limiting case and since V=wr, 
cosa = wr] g = os ‘eee 


'vom the geometry, however, it is clear that the line of 
‘jection PA must be at right angles to the radius vector 
l to B=a and hence 


r = (g/m) cos B tammyee) 


This equation is satisfied when point A is distance g/w? 
yve the centre of the mull, and furthermore, since the 
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angle OPA is a right angle and from the theorem of g 
metry that the angle within a circle is also a right angle 
follows that the line from which projection takes place 
an arc of a circle of radius g/2m?; the “Davis circle’. 


By a simple substitution this leads to the expression 
_ = 0-408/n? «nn 
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lieve v, is the radius of the Davis circle and n is in r.p.m. 
Awain, in this treatment, slip is usually neglected and so 
# iepresents the speed of the mill in r.p.m. 

The irajectories of the ball paths may, on the assump- 
tion that the ball paths are parabolic, be easily plotted. 
thus, by the integration of equations (2.1) and taking the 
ivitt of the co-ordinate system at the point of projection. 


x = Vtcosa \ 


y = Vtsina—4tet? + he 
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iil eliminating ¢ between these equations 


gx? 


GF UE Bre en ce ee (2.11) 


un which the parabolic trajectories may be plotted. 
More important than a knowledge of the form of the 
fijectories is a knowledge of the form of the surface in 
Hiich the parabolic trajectories terminate. 

Vrom Fig. 2.8, it is clear, from requirements of 
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continuity, that the amount of material entering any an- 
nularelement p’p q’q must be equal to the quantity leaving 
it and so, since the parabolic trajectories cannot cross, a 
trajectory must terminate in the same annular element as 
it originates. ‘hus, the surface bRc 1s defined by points, 
such as R, which are obtained by the intersection of the 
parabolic trajectory with a circle of radius r; where r is the 
radius at which the trajectory originates. A representative 
point, such as R, may be obtained by the determination of 
the values of x and y, taking the point of projection P as 
the origin, of the point of intersection of the parabola with 
the circle of radius 7 through P. 
The equation of the circle referred to these co-ordinates 
is 
x2+y2 4 2rx sina—2Qrysine = 0 .... (2502) 


and the equation of the parabola is given by (2.11). On 
substituting y from (2.11) in (2.12), the expression 


2x4 sIn a r 
eet vse j np a Fr (SOs ht ae $ x2 = 0 
4V2 costa V2cos? « V2 cos a 


is obtained; from which x2 =0 and also 


2 
(ape acer a)*?— (¢ tan a)x—gercosa+V2 = 0 


Now from equation (2.7), 

V2 = grcosa 
which substituted in the immediately preceding equatio 
leads to 

x2 


PT FN halle day 


The solutions of this equation are x = 0 


and x = 4rsin « cos? a . 
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It iy clear that, in general, a parabola cuts a circle in four 
wiih and, in the present case, three roots of the quartic 
yyuution are zero whilst the fourth, given by equation 
{¥.14), is that required. 

When this value for x is substituted in the equation for 
the parabola, it is found that, 


y = —4rsin? « cos « so plow deen bo) 


Since, for most purposes it is not necessary to plot the 
Whole trajectory, the representative point R may be ob- 
tained! geometrically thus: 

In Vig. 2.8 let point O be the centre of the mill and let 
li® concentric circle RPQ represent the circular path of 
jie ball. The arc OPS is the arc, of radius g/2w?, repre- 
i iiting the line at which projection occurs. Project a hori- 
soital through P to cut the circle at QO and with centre Q 
(laeribe an arc of radius QP, to cut the circle at R. The 
point KR is then a point on the surface in which the 
“tlying’’ balls meet the charge. Repeating the construction 
fii 4 number of circles, of different radii, leads to the 
yequired surface bRC. 

‘he proof of this construction is simple: 

The Ae PQ =2r sin a, and the length QR is given by 


QR = {(%¥q—4r)? + (Yo—Yrn)?* fh? 


However, 
%g =2rsina; Yo = 0 


TD xp = 4rsin « cos? a; Yp = —4rsin? « cos a 
ar 
OR = {(2rsin #+4r sin ao cos? w)2 + (47 sin? @ cos «)2}1/2 
Which on expansion and simplification leads to 
OR = 2rsin a 


Thus, PQ=QR and this is precisely the relationship used 
i the construction. 


The curve ab is a circular arc struck from the centre of 
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the mill and represents a surface which does not osculate 
with the segment of circle OPS, and, in consequence, from 
which no projection takes place. The radius of this arc is 
fixed by the magnitude of the mill charge and, denoting 
the radius by 7;, Davis gives the expressions 


r/R = K ..+. (2a 
where K = —0:0244+0-394/(7—10J)  .... (2.16 


approximately; J being, in this expression, the fractional 


filling of the mill. 
Since XK cannot be less than zero, it follows that the mill 


filling cannot exceed about 0-7 without interference be- 
tween the particles taking place. Actually Davis states 
that, in order that interference shall not occur, 7; should 
not be less than 0: -228/n2, where n is the speed in revolu- 


tions per second. 
The fraction of the charge which is in “‘flight” can be 


calculated fairly simply thus. 
The angle # in Fig. 2.8 is given, from equations (2.14), 


": sin 6 = (1/r)(4rsin2 « cos a—r7 cos a) 
= (4 cos? a—3 cos a) 
From various trigonometrical identitites this leads to 
sin B = cos 3a, but cos 3« = cos (180 —3.a) 
and so, since sin 6 = cos (90 — B), 
cos (90—£) = cos (180 —3«) 

or 90—6 = 180-—3a 
or —B = 90-30 .... (le 
Now, the angle passed t rough by the particle whilst it 
a parabolic path is «+ 90+ 8 which is «+ 90+ 3a—90 o 


“Tf the speed of the mill is n r.p.m., the time per revolt 
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joni, I, 18 1/n and the time, T,, for the ball to cover the 
' ‘ain ilar path is given by 


T= T(“35, 


ov the time required to traverse the parabolic path is 
iven by 


360 — “) 


x 
V cos «@ 
? sin a COS @ 


Raed Rees ery 


JUN 


T, = 


1{ now it is assumed that the motion of the charge may 

f represented by the motion of the particle at the radius 
al yration of the charge, it is necessary to find the angle 
 }orresponding to the radius 


R2+r,2 
2 
iil this angle will be found to be 54° 44’. 


liy use of this angle and the above expressions, it is found 
il - 


[= 


= l/n; T. = 0-39/n; T,, = 0-3/n 


ae bs, the time spent in the circular path, as a fraction of 
‘ time of the cycle is 


0-39 
a= 056 = 56% og ED 


Alwo, the number of cycles per revolution is given by 
Tit =10-7 =1-45 dwas Wee) 


‘Thus, it follows that, as a first approximation, 56 % of 
jie time is spent in the circular path and also that the 
yen between the mill shell and the curves dPabRC is 
M0", of the area occupied by the charge when the mill 
at rest. It also follows that, on an average, every ball 
sivikes another 1-45 times per revolution of the mill. 
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The analysis of Davis, just outlined, is open to criticism 
on a number of grounds. For example, the frictional char+ 
acteristics of the charge are ignored, the effects of inter« 
actions between the elements of the charge in a given 
trajectory and the interference between adjacent trajec- 
tories are neglected, as are the centripetal forces acting on 
the particles. Furthermore, some of the equations involved 
appear to include a number of rather wide approximatio 
Even so this work was the first serious attempt to derive a 
rational theory of the ball mill and, whilst forming a good 
basis for mill calculations, it had also paved the way for 
later studies. 

The first important modification to the above treatment 
was suggested by von Steiger®); who pointed out that the 
hypothesis of free flight of the particle along the ascending 
branch of the parabolic trajectory is invalid since the cone 
tinuous projection of material along any trajectory result# 
in contact between the particles. Thus for the ascending 
branch of the parabola the speed along the arc is constant} 
not variable as is the case with free flight of particles. _ 

On referring to Fig. 2.9, it is seen that the intrinsi¢ 
equation to the normal y is, since the radial acceleration 1s 
provided by the normal component of the gravitational 
acceleration, given by 





V2/0 = gcosa 

where @g is the radius of curvature of the trajectory at the 
point P. 

Thus 

V2 | 
—dsfda = 2 08 « .... Qa 
V2 

or —da = —cosads = —dx 
from which 


“(to —a) = ee, eee 
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Also from equation (2.21), 








V? da » selon: F 
g COSa 
nit since dy =ds sin a, 
V2 sin « da 
dy = —-— —— 
g cosa 
lvom which 
¢ leseme], 
¥—Yo = —|log cosa 
g % 
V2 COS @ 
Se og 
£ COS Qo 


. (2.23) 


lor summit x=x, and «,=0, so from equation (2.22), 


y2 


x. —Xo = g 9 





Lees (2.24) 


5] 
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and from equation (2.23), 

































V2 
¥.—Yo = | log sec ao -oee (2nae 


The surface from which the projection of the particles 
occurs is unaltered by this treatment and 1s, as before, 
given by a circle of radius g/2w? drawn in the way pre» 
viously explained. The trajectories themselves are con 
siderably altered, however, since for the same initial condi- 
tions, the horizontal velocity of a particle, at the summit, 
is greater under the assumption of von Steiger, and so the 
particle travels a greater distance horizontally. Also the 
height of the summit above the point of projection is dif» 
ferent in the two cases. Furthermore, since from continuity 
considerations, a trajectory on termination must cut the 
surface of the ball charge at the same radius as that at 
which it commences, it follows that the equilibrium sur« 
face of the ball charge is modified. These differences are 
clearly brought out by the diagram of Fig. 2.10 in which 
trajectories starting at the same point are plotted in 
accordance with the two treatments and the corresponding 
surfaces of the charge are shown. 

As already stated, the motion of a mill charge is con 
siderably more complicated ‘than the previous treatments 
would imply, and so far the various proposed treatments 
are not completely satisfactory. 

One of the most comprehensive analyses, and that upon 
which most of the remainder of this chapter is based, if 
that developed by Barth‘®) and, independently of Barth, by 
Hinsley and Fobelets.™ * 


* This work, which has not previously been published, was developed 
over a number of years by Messrs. Hinsley and Fobelets, who were appar. 
ently unaware of the prior work of Barth. 

Messrs. Hinsley and Fobelets have very kindly made all their materia 
available to the authors and much of this chapter was written, on the basit 
of their material, before the work of Barth came to the notice of the preser 
writers. ; 

The present authors are pleased to acknowledge their indebtedness ta 
Messrs. Hinsley and Fobelets in this matter. 


' 
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In the first place the equilibrium surface of the mill 
iharge is determined and for this purpose the effective 
‘ocllicient of friction* of the charge (balls plus powder) 
inust be established. A generalized coefficient of friction 
iniy be determined by forming a large conical heap of 





Curve PA —Parasocic TRAJECTORY. 
PB — Trasectory Or Von Steicer. 
BC —Parasoric Taavectory. 


Fic. 2.10 


ihe mill charge on a flat surface, as shown in Fig. 2.11; the 
leap being formed by shovelling the material on to the 


* In this overall coefficient there are components such as the coefficient 
if Iyiction between the ball and the surface of the powder particle; a ‘‘plough- 
ii "’ factor representing the force required to move the tip of the ball through 
ihe surface layers of the powder particle in question, and a factor which, for 
Want of a better expression, can be called a mechanical displacement factor, 
iliw inagnitude of which is determined largely by the mode of packing of the 
oa licles and the coefficient of friction between the particles which are rubbed 
ij 4inst one another during displacement. The magnitude of these components 
{s determined by physical characteristics of the powder material; for ex- 
ample, by the hardness, which will determine the degree of ploughing of 
juint of contact of the ball through the surface of a particle. 
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apex of the cone and allowing the stable angle of repose to 
become established. The angle of repose, y, is then 
measured and the coefficient of friction A is given by 


A = tan y eee, Ur 


Let the upper surface of the mill charge be given by tae 
curve A-B of Fig. 2.12 and take the centre of the mill 
the origin; also take the co-ordinate axes as shown. Let the 
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mill shell rotate with an angular velocity 7 and also assur 
that the particles of the charge describe circular ar 
around the origin with this velocity. ; 

Now any particle, P, of mass m, on this surface, ae 
distance r from the origin, will be in ‘equilibrium under t1 
influence of three forces: 


(1) The radial “‘centripetal”’ force: mrn? 
(2) The weight: mg 


(3) Frictional forces acting between the particle and i 
neighbours. 
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()n equating the forces acting on the particle the follow- 
iii expression is obtained: 


Amn? cos (B — a) + Amg sin B + mrn? sin (B — a) 
— mg Cos B eevee (2.27) 
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Multiply this equation by 1/mn? and rearrange. 


A(“/n? sin B+7 cos B cos «+7 sin B sin «) 
= g/n? cos B—rsin B cos a+rcos £ sin « 


ind then substitute x =r cos «, y=rsin a, and also divide 
liy sin 8 which then gives 


A(g/n2+x cot B+y) = g/n? cot B—x+y cot B - 
However, cot B = dy/dx, so 
dy/dx(g/n? +y— Ax) = —A(g/n?+y)—* 
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Now let z=(g/n?+y), which, on substitution, gives, 
(z—Ax)(dz/dx) = —Az—x 
dz Az+x 
dx  Aan—z 
This is the standard form of homogeneous equation of 
first order and may be solved by putting z = kx, where kh 


is a function of x. 
This, on integration, gives, 


log x = Atan-! kK—4 log (14k?) +logC 








Zz x? + Zz 
= Aa 
A tan r log J Ox 
“2 
or log — = tan! - 


Now if we write: x? + z?= R2, tan“! (z/x)=y, the exprese 
sion 
R = Celv -oe. (2a 


is obtained; this expression being the equation of an 
equiangular spiral. 

Also, since R? =x? + z?, it follows that the origin of the 
spiral (the pole) where R=0, must be situated at x=0, 
y= —g/n?; that is on the vertical axis at a distance g/y 
above the centre of the mill. (It should be noted that thig 
distance is also the diameter of the circle, the Davis circle, 
defining the surface at which projection occurs.) The co» 
efficient C' is a parameter which is related, but not simply, 
to the degree of filling of the mill. 

The configurations of the surface of the charge with 
various values of speed, coefficient of friction and mill 
filling, as calculated on this basis, are shown in Fig. 2.13, 
Examination of this figure shows that, for a given mil 
filling and coefficient of friction, the surface configuration 
of the charge 1s not greatly altered by variations in (N/WN,) 
the ratio of the running speed to the critical speed, 
Similarly, for a given value of the ratio N/N, and-a given 
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J=0-4 
~ 1-0-2 

N.. -. ® | e N mt je = 

Myr O7 J=0-4 . Hyzo7 d= 08 








Jas O'4 A= 0°55 
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poeflicient of friction, the slope of the surface does not alter 
K eatly with the mill filling; furthermore, the line defining 
ihe surface is almost straight. In fact the average slope of 
(lie surface increases very slightly with decreasing filling. 
The variable which has the greatest influence on the 
eonfiguration of the surface of the charge is clearly the 
(oellicient of friction and, all other variables remaining 
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unaltered, the slope of the surface increases rapidly with 
increasing coefficient of friction. 

It is desirable that the meaning of this surface should he 
borne clearly in mind. If the derivation of the equation is 
studied it will be seen that the equation represents the sur» 
face upon which a particle is in equilibrium under the 
influence of the centripetal force, based on the assumption 
that the particle is traversing a circular path around the 
centre of the mill with the same angular velocity as the 
mill shell, of the weight of the particle and of the frictional 
force between the particle and the underlying surface, 
Now, clearly, in a real mill the balls which come up from 
the body of the ball mass must either be projected or must 
roll down to the toe of the charge and so, in cascading, 
this mathematical surface cannot represent the free surface 
of the ball charge. It is probable, however, that a surface 
of approximately this form exists a few ball diameters 
below the free surface; that is, there exists an equilibrium 
surface down which the cascading ball charge rolls. Thus, 
such a free surface cannot exist with cascading motion, 
although it is probable that orie does, over a portion of the 
charge, in the case of cataracting motion. 

It is clear from the previous discussion that, if projection 
of the balls is to take place, the charge must cross the Davis 
circle. Now, the equilibrium surface, as defined by the 
equiangular spiral, can fall either below or above the Davis 
circle; as shown in Fig. 2.14. When the equilibrium sure 
face falls below the Davis circle, the particles, as they 
emerge from the main mass of the ball charge, pile up 
until the Davis. circle is reached; as shown in Fig, 2.15, 
This is clearly possible since in the mass of balls lying 
above the main equilibrium surface but below the Davig 
circle, there exists an infinite number of equilibrium sur 
faces such as ab. 

The inner bounding curve for this mass of balls is a 
circle concentric with the mill shell and tangent to the 
equilibrium surface. The position of this circular arc and 
the equilibrium surface is, of course, fixed by the condition 
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that the “rolling”? mass of balls and the “flying’’ mass are 
loyether equal to J, the static filling of the mill. Since, in 
ilhis case, the projection takes place from the Davis circle, 
ihe construction for the termination of the trajectories, 
wiven earlier, is valid. In the second case, in which the 
equilibrium surface falls above the Davis circle, projection 
(oes not occur until the equilibrium surface is reached. 





Fic. 2.14 Fic. 2.15 


Mince projection does not now occur at the Davis circle, 
the previous construction must be modified. 

liy reasoning very similar to that used previously, it can 
tie shown that the termination of a parabolic trajectory, 
pHimmencing at a point P’ above the Davis circle, is ob- 
tuined when, on Fig. 2.16, distance P’Q’=Q’R and the 
wint Q! is on the Davis circle. Thus, the construction is 
Mmilar to the previous except that point Q’ is on the Davis 
iele whereas point Q is on the mill circle. So for either 
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case the point of termination of the trajectories may be 
determined by simple graphical methods. 

It is interesting to have a knowledge of the proportion 
of the charge which is in “‘flight’’, and of that which is 
“rolling’’; also to see how these quantities vary with the 
speed of rotation of the mill and with the coefficient of 
friction of the charge material. A simple construction for 
this purpose will now be described; this construction being 
due to Fobelets. ®) 
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Case 1. The point of projection on the Davis circle: 


(a) As in Fig. 2.17, draw the mill shell circle and the 
Davis circle. J 
(b) With compasses determine position of point R 
the termination of the trajectory originating at P, 
(Use point Q on mill circle as centre.) | 
(c) From the pole C (on the Davis circle), draw radiv 
vectors at 10° intervals; taking vector CR as datum 
(d) From C set out along the successive rays a lengil 
Ca = CR. e~4/180)8, where CR is the length CR 
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S 
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measured from the figure, 6 is the angle, in degrees, 
from the line CR to the ray under consideration and 
4 is the coefficient of friction of the charge. 

(e) Join the points such as “‘a ”’ to give a smooth curve, 
from the centre of the mill, O, draw an arc of a 
circle tangential to this curve and to cut the Davis 
circle at b. 

(1) Draw a line from P through C to intersect a vertical 
drawn through point R at point S. 

(7) Repeat (b) and (f) using mull circles of various radii; 
and so establish the curve bS. (For most purposes 
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this step may be dispensed with and points bS 
joined by a straight line. There is then some loss of 
accuracy but this is not generally of great practical 
importance. ) 

(h) Determine the area SbaRPCS. This when expressed 
as a fraction of the area of the mill circle gives J, 
the static mill filling. 

(i) Determine the ratio of areas PCSbP and PbaRP; 
this ratio being the ratio of the “‘flying’”’ charge 16 
the “rolling” charge. 


When the equiangular spiral ‘enters the Davis circle the 
treatment is slightly more complicated and demands some 
trial and error. ‘Thus, 


Case 2. The equiangular spiral enters the Davis circle: 


(a) As for Case 1. 

(b) Assume a position for the point of projection, P’ 
and using the construction of Fig. 2.16, determin 
point R; the termination of a parabolic trajector 
which starts at P’. 

(c) and (d) As for Case 1. 

(e) Join points such as “a” and the equiangular spira 
should pass reasonably close to P’. If it does not, stat 
with a new point P’ and repeat the construction, 

(f) to (1); As for Case 1. 


The basis of this construction is as follows. 
If the flight trajectories are parabolic, then the hori 
zontal velocity x’ is constant and given by 


x’ = wrcos a ar (2.29 


where a is the angle of projection and the other symbol 
have the same meaning as before. 
Also the time of flight, 7), is given by 
DT, = x/[x" 


= x/wr cos « ea (2.30 
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During this time, however, the rotation of the mill will 
living, from the depth of the mass of the charge at radius 7, 
column of balls of length wr7,. 

This is the quantity of balls projected in time 7,, from 
4 strip of width dr, and this may be written dg,. Then 


dq, = wr(x/wr cos a) 


= x/cos o Ie (2k) 
rom Fig. 2.17, however, it is evident that 

x/cos « = PS re {ae 
Then, from equations (2.31) and (2.32) 

q-= Jf PSdr 


where the integration is carried out along the curve from 
ly to P. This integral is, however, equal to the area of the 
lisure bPCS and hence the construction. 

Although there is still an element of approximation in 
(lis treatment, it appears to be superior to that of Davis in 
that the effects of frictional characteristics of the charge 
ure included and the computation of the “‘flying’’ charge 
iloes not involve reference to some mean radius. On the 
lusis of this treatment it is possible to study the conditions 
lor cataracting or cascading in some detail and this will 
iow be done. | 

It will be noticed that, so far, no rigid definition of cas- 
‘ading and cataracting has been given. In fact such a 
(Jelinition is probably impossible since it now appears that 
(here are not two types of motion of the charge involved, 
ut a single type of motion in which, in certain cases, some 
etails of the motion are not apparent. For the present pur- 
joe it is probably sufficient to name the motion “‘cataract- 
ing’ when an appreciable gap exists between the parabolic 
irujectory of the innermost particle and the upper surface 
i the rolling charge. Cascading then corresponds to the 
motion in which this gap is so small as to give, in general, 
ihe appearance of being non-existent. 
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This difference is clearly shown in Fig. 2.18, which are 
the trajectories for a mill running with a definite charge 
at a definite speed but with different fillings. In Fig. 2.18a, 
with the higher filling, the space is very small and when 
allowance is made for the finite size of balls the mill would 
appear to be cascading. In the second illustration there is 
a definite space which, even allowing for interference be- 
tween the balls in the different trajectories, would not be 
obliterated, and hence the mill would be described as 
cataracting. For the present purpose it will be assumed 


T~.. 
\ 


\ 
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that when this gap is less than 0-05 of the diameter of the 
mill, the charge will appear to be cascading ; this gap being 
chosen because, in view of the finite size of the ball in a 
real mill, it is improbable that a gap smaller than this 
figure would be discerned. By the plotting of a number of 
such figures the conditions for a gap of less than the speci« 
fied size to occur are soon established. ‘The construction 
for the determination of the “‘flying” and ‘“‘rolling” ball 
charges is then applied to each of these limiting cases whet 
the results given in Table 2.1 are obtained. Since any 
increase in the mill filling above these values will reduce the 





MOTION OF THE CHARGE WITHIN A MILL 65 


jive of gap it follows that these values are the maximum 
siitic mill filling for which cataracting will be apparent. 


TABLE 2.1 


Maximum static mill filling for cataracting to occur 


f] N Area of 


Area giving | Area giving | Jax | Ratio | Ratio 
N, | mill circle 


*‘rolling”’ “*flying”’ (%) | My, | M 


(in*) charge charge M, M, 
(in?) (in?) 

hlo5 | 314 0 a: 0 jo |10 
(i) 3-14 0-50 0-15 | 20:5 | 0:23 | 0:77 

(75 3°14 0-81 0-50 | 41-0 | 0-38 | 0-62 

0:49) 3-14 1:28 0:9 69-8 | 0-42 | 0-58 

bh] 06 3-14 0-46 0-15 19:0 | 0:25 | 0-75 
75 | 3514 0-90 0:5 45:0 | 0:36 | 0-64 

9 3°14 1-26 0-9 69-1 | 0-42 | 0-58 

yu | 6 3:14 0-38 0-15 17-1 | 0-28 | 0-72 
():75 3°14 0-82 0-50 41-5 | 0-38 | 0-62 

(9 3°14 1-15 0-9 65:0 | 0-42 | 0-58 





lt is seen that a fourfold variation in the coefficient of 
lvietion produces, for a given speed of rotation, but a 
\ieeligible variation in the maximum mill filling which will 
wermit cataracting. Thus, it is probably safe to say that 
hese results, shown graphically in Fig. 2.19, are applicable 
if any practical mill with an accuracy sufficient for any 
formal purpose. The general validity of these results has 
feveived an amount of indirect support in the following 


wity. 

The hotographs of the motion of the ball charge, pub- 
lished by Rose and Evans,(®) have been questioned on 
ihe grounds that they show no cataracting. A study of 
jlie original article shows, however, that the three cases 
ave J=0-25, J=0°5 and J=0-75, with N/N,=0-56 in 
gach case. From Table 2.1, however, it is seen that each 
af these values of J is above the maximum for which 
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cataracting will be apparent, and so the results shown in 
the photographs are to be expected. 

The introduction of a coefficient of friction of constant 
value, as in the extended theory, is not completely ade- 
quate, however, since a study of Fig. 2.13b suggests that 
the average angle of slope of the surface of the charge 
should decrease with increasing filling, whereas the 


Mice Firtine - J 
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measurements of Rose and Evans) show that the slope 
increases with mill filling. This difference is easily — 
plained since the charge consists of a limited number 
balls of finite size and, in consequence, the energy dis» 
sipated in friction in the charge increases with the size of 
the charge. This has an effect equivalent to an increase i 
the coefficient of friction of the charge; and so brings abou 
an increase in the slope of the surface of the charge, in th 
same way as is shown in Fig. 2.13a. Thus, it appears that 
the introduction of a variable value for the coefficient 0 







MOTION OF THE CHARGE WITHIN A MILL 67 


friction, 4, would bring about an even better agreement 
slween theory and practice. Unfortunately, the introduc- 
(im of such a variable quantity very much complicates 
ilie mathematical analysis. 
\ tinal, and very important, use to which the foregoing 
(Huytructions can be placed is to ensure that the condition 


' 





ay 
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that the charge shall not slip on the mill lining is fulfilled, 
For this purpose, 


(1) Use the previous constructions to determine the 
configuration of the “rolling”? charge in the mill; 
shown shaded in Fig. 2.20a. 

(2) Determine the position of the centre of gravity, G, 

of this area. 

(3) Through G plot the radial acceleration wr, 
radially and the gravitational acceleration g verti- 
cally. (Note: radial force=Myr,w? and vertical 
force = Mg, so these vectors are proportional to the 
forces.) 

(4) Obtain the resultant of these vectors. 

(5) Draw a straight line connecting the centre of mill O 
to the point P, where the resultant cuts the mill 
shell, and determine the angle «. 

(6) Compare tan ¢ with the coefficient of friction 4. For 
safety A must exceed tan « by a reasonable margin, 


The last condition is clear from Fig. 2.20b, since the 
resultant has radial and tangential components as shown, 
The tangential component tends to give rise to slip at the 
surface and slip will, in fact, occur if the ratio of the 
tangential force to the radial force exceeds the coefficient 
of friction: that is if tan e> A. 


‘ 
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CHAPTER 3 


THE POWER REQUIRED TO DRIVE A 
MILL 






















‘Thi power required to drive a tumbling mill is of interest 
twih to the designer and to the mill operator: to the former 
as 4 basis of design for the determination of the necessary 
‘ive of the elements of the machine; and to the latter be- 
juice, ull other factors being equal, the most economical 

" epee is that which demands a minimum power for 
fiving, 

The power required to drive a mill depends, to some 
=n on every one of the physical dimensions defining 
- mull shell and-ball charge and on many of those defin- 

4 (he properties of the powder charge. ‘Thus the number 
i Harlables involved is very large. Since even a moderately 

uinplete theory for the internal dynamics of the ball mill, 
4 which all these variables are given due importance, has 
jit been propounded, the calculation of the power require- 
ots of a mill, from theoretical considerations, cannot be 

ade, Similarly, owing to the great number of variables, 
ji) complete experimental investigation of the power de- 
ynands of ball, tube and rod mills has been made, the 
“imount of work required for an analysis of all of the 
‘Variables being prohibitive. 
l'vobably one of the most comprehensive experimental 
{iveuligations of the power demands of the ball or tube 
will is that carried out by one of the present authors, with 
foeworker, Rose and Evans,“) by use of small-scale 
Hiwedels; the test apparatus being that shown in Fig. 3.1. 
Ny use of small-scale models, a very large number of tests 

1 ’ be carried out in a reasonable time and, furthermore, 
Mivinbles which would be difficult to change on a large- 
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scale test may easily be studied. No valid major objection 
to the use of small-scale models exists since by use of the 
method of dimensional analysis the results may be general- 
ized to be applicable to mills of any size. The valid 
generalization of the results of the model test demands 
that there should be a complete dynamical similarity be- 
tween the systems, and, in the case of the ball mill, the 
pressures in the bed of material in the mill cannot be made 





Fic. 3.1 
Apparatus for Tests on small-scale mills 


strictly similiar in a large and a small mill. Even so the satis 
factory results obtained by use of model tests suggest that 
errors arising from this source are small. In the present 
chapter the question of the power to drive a mill will be 
approached from the point of view of these model tests and 
the results of previous workers studied by comparison with 
these data. 

The power, P, to drive the mill would be/expected to 
depend upon the length of the mill, LZ, the diameter, D, the 
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ilinmeter of ball, d, the density, 9, of the ball, the volume 
nec upied by the charge (including voids), expressed as a 
lyaction of the total mill volume, J, the speed of rotation, 

\, the acceleration due to gravity, g, the coefficient of 
reatitutron of the material of the balls and mill, e. The 
ower, P, would also be expected to depend upon the 
following characteristics of the powder; the representative 
(inmeter of the particles, 0, the energy necessary to bring 
about unit increase in the specific surface of the powder, 
/, and the volume, V, occupied by the powder charge 
(including voids), expressed as a fraction of the volume 
lwtween the balls in the mill. Furthermore, the power, P, 
would be expected to depend upon the effective kinematic 
viscosity of the mixture of powder and fluid, », the effective 
iensity of the mixture, o, and, in the case of wet milling, 
liy the ratio of the volume of the solid material to the 
yolume of the liquid in the pulp, U. Finally, when the 
iiterior of the mill is fitted with lifters it would be expected 
(hat the power, P, would depend on the number of lifters, , 

wicl upon the height of the lifters, h. 

Thus, the power can be expressed symbolically : 


I - o(L, D, d, 0, J, N, aS; C; b, E, V, Y, 0; U, h, Nn) (3.1) 


where d denotes some function of each of the quantities 
Within the bracket. 

Then from the well-known principles of dimensional 
ftinlysis it is easy to derive the expression in terms of 
‘imensionless groups, 


(piv) ~ (5): (a) (o): (aw) (5) (Danee) 
(pay) (Z)> ss ss , 
(3.2) 


lhwve @ denotes some function of each of the dimension- 
 “roups upon the R.H.S. of the equation. 
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Theoretically, the dimensionless groups can be com- 
bined in any way and it is the function of experiment to 
determine these relationships. In the present work, how- 
ever, it has been found that, in most cases, the functions 
of the dimensionless groups may be multiplied together 
and the results of the experimental analysis have been 
arranged in this way. 

On this basis equation (3.2) can be written: 


(aqvag) = 41( phys) -#2(g) #27) -#4(5) #000 
« $o( 5) -#r(S) Fale) bol ) pro( ) o11(V) 


« $1a( parva, .): $13(U). 1 pay) (3.3) 


In the work of these investigators, attention has been 
confined to dry grinding and, in this case, the groups 
(v/D?2N) and (U) are eliminated. 

The first variable to be studied was the effect of the 
length of the mill on the power requirements: that is, the 
determination of ¢.(L/D). The experimental results of 
Rose and Evans fall on a series of straight lines passing 
through the origin and so it follows that ¢o(LZ/D) 1s a 
linear function. Thus, 


(L/D) = K(L/D) tooo (Sd) 


The critical speed of a mill has already been discussed 
in Chapter 2 and it has been shown there, by equation 
(2.5), that the critical speed is given by 





wo, = V(2g/D) +. Ge 
which, by transposition, gives 
g/D = KN,? , ee ee (3.6) 


If now WN is the actual speed of rotation, it follows that 
g/DN?2 = K(N,/N)? oe 
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Hy that the group (g/DN?) is proportional to the square of 
m iutio of the critical speed to the actual speed of rota- 
jinn, ‘hus the relationship may be written: 


$1(g/DN?) = $1'(N,/N) -e-- (3.8) 


1) ali follows that in order that dynamical similarity, as 
feparca this group, shall hold between a number of mills of 
(\\lerent diameters, it is necessary that they shall all run 
| the same fraction of their respective critical speeds. 
hin is in accordance with the findings of Gow, Campbell 
anil Cloghill@) and other workers. 

The relationship between the power group (P/D6&N20) 
ail the group (N,/N), as determined by experiment, is 
shown in Fig. 3.2, and it is seen that for speeds less than 
i", of the critical, the relationship ¢,'(N,/N) can be 
feplaced by 





$y (N,/N') = Ko( N,/N)? eee (3.9) 
where Ky=3-13 for lifter mills and 3-66 for mills without 


litters, Within this range these relationships can be used 
livectly in the equations for the determination of power 
fejuired to drive a mill. The deviation from linearity 
sliown by these curves is exactly what would be predicted 
fom theoretical consideration since, ideally, when the 
whole ball charge is centrifuging, the centre of gravity of 
ihe charge would coincide with the axis of rotation and 
ilie power required to drive the mill would be zero. 

In theory, the centrifuging of the charge takes place in 
Iiyers and each layer forms at a definite speed. In prac- 
iit, however, the process is complicated by interaction 
lwtween the balls, lifters, etc., and centrifuging occurs 
ha or less gradually over a wide range of speeds, this 









pacing to the deviation from linearity, shown in the figure. 
Nitice these curves are plotted on logarithmic scales, the 
purves should be asymptotic to the negative branch of the 
xis, and in fact the lines show this trend. 
Since, as has already been mentioned, the critical speed 
W & criterion for the occurrence of many phenomena in a 
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mill, it is perhaps of interest to mention that during the 
course of tests at various speeds, the configuration of the 
balls within the shell was observed through a perspex end 





SMOOTH MILL N;/N 
0 5 10 50. 100 
MILL WITH LIFTERS /N 


Fic. 3.2 


cap, and, in the case of the smooth mill, centrifuging of 
the outer layer of the balls was not observed at speeds up 
to 1-2N., the highest speed reached during the tests, but 
when effective lifters were fitted to the shell, the outer 
layers of balls commenced to centrifuge when the speed 































































THE POWER REQUIRED TO DRIVE A MILL 79 


of rotation exceeded the critical value N,, by a very small 
amount. For a smooth mill, cataracting of the charge 
wenerally commenced at speeds of about 0-8N,, while, 
when lifters were fitted to the shell, cataracting com- 
ienced at about 0-6N,. This is roughly in accord with the 
results of Chapter 2, illustrated in Fig. 2.19, that if a mill 
with a 30% to 40% filling is taken as representative, the 
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lwoundary between cataracting and cascading is when the 
jpeecl of rotation is about 0-7N.. 

With a smooth mill surging of the entire charge was 
minnie times observed for speeds below about 0-4N,,. 

ioming now to a study of the effect of the density of the 
jincling media upon the power required to drive a mill it 
ae that since the mass of grinding bodies has a 
lwlinite configuration, as suggested by Fig. 3.3, then the 
que to drive the mill wil Wee: Droy moatonat i to the weight 
ul 1 charge; that is, without powder, proportional to the 
ilennty o the material of the balls or rods. The correctness | 














— 
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of this view is established by Fig. 3.4a, based on the work 
of Rose and Evans,‘3) in which the measured power is 
plotted against power calculated on the basis of this as- 
sumption for charges of glass, steel and lead balls; the 
relative densities of these materials being given in Table 





OBSERVED POWER—CM. GRAMMES PER SEC. 


+ 
Kh tacit mill; L/D =10; D/d=110; J/= 0-5, 
@ steel balls; © lead balls; + glass balls 





100 500 1,000 5,000 10,000 
CALCULATED POWER—CM GRAMMES PER SEC. 
(a) 
Fic. 3.4 


3.1. It is at once seen that an extremely good linear re- 
lationship holds between these variables and so it must be 
concluded that the suggested relationship is valid. 

If now the material undergoing grinding occupies the 
spaces between the balls of the ball charge, it follows that 
the centre of gravity of the powder mass will coincide with 
that of the ball mass. Thus, if the mill charge retains the 
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TABLE 3.1 
Material Specific gravity 
Glass 2-65 
Steel 7°8 
Lead | 11-4 


sime configuration as it has when balls only are present, 
iat is, the configuration is unaltered by the inclusion of 
ihe powdered material, then it follows that the torque to 
ilrive the mill will be proportional to the total weight of the 
liarwe in the mill. Thus it would be expected that, at least 
“4 4 first approximation, the power to drive a mill con- 
(uining a powder can be calculated from the equation 
‘pplicable to a mill containing balls only, provided that 
ihe density of the balls, in the latter case, is increased by an 
amiount sufficient to include the effects of the additional 
iis clue to the powder charge. If this point of view is 
adopted, it follows that the mill charged with powder 
liwcomes a special case of the mill containing only a ball 
large, and effects arising from the particle size and other 
haracteristics of the powder charge may be expressed by 
rorrections to the equations applicable to the mill without 
powder. On this basis, for a mill containing a powder 
iharge 

lower input 





» (Torque due to ball space charge+ Torque due to 
powder) x Speed x Proportionality factor 


» Kx (Wt. of ball charge + Wt. of powder charge) 


That these terms are simply additive is supported by 
ihe curves of Fig. 3.4b in which are plotted data given by 
Cophill and Devaney, for the power required to drive a 
fod mill, in which the rods are tubular and the effective 
‘lensity of the rods is varied by “‘filling” the tubes with 


44 04x24 /E2 
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various materials. For these tests the mill was grinding 
chert, for which o~ 3-0, and, since the void space between 
the rods is about 15% of the mill filling, it follows that, if 
the simple addition is valid, the power is given by the 
expression of the form 


y = mxt+e 
Furthermore, the power is given by 
P = K(0-015 x 3-0 +0-859) 


and it is seen that the curve given coincides very closely to 
this expression. 


HORSEPOWER ° 





EFFECTIVE DENSITY OF RODS. 


(b) 
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If now_é is the ratio of the power to drive the mill 
charged with balls an pow er to the power to drive the 
same mill with a ball cl arge onl then: 

- Wt. of ball charge x Wt. of powder charge 
. Wt of ball charge 


If also it is assumed that the porosity of the ball charge 
and of the powder is 0-4 in each case, then: 
oz (1—0-4) 0 +0-4(1 —0-4)o 
, (1—0-4) 0 
= (1+0-4c/0) -... (aie 


lic 


4. 44 


1+ OAx2.6/F88 4,413 
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hus the functional relationship ¢,9(o/@) is given by 
ihe multiplicative factor (1 +0-40/0). 

he validity of this relationship has been further ex- 
atiined by tests carried out using powders consisting of 
emery, iron powder and silica sand; the density of these 
initerials being given in Table 3.2. 


TABLE 3.2 
Material Density (g/cm*) 
Tron | te. 
Emery | 95 3.25 (SR-4.0) 
Silica sand | 2°7 


Kepresentative data from both smooth and lifter mills, 

aller reduction to a consistent basis by the use of equation 
(1,10) above, are shown in Fig. 3.4c. 
- [ixamination of these data shows a scatter over a range 
al about 5% with no consistencies in the deviations. Thus, 
\{ appears that these differences arise from random errors 
aici so the functional relationship ¢j9(0/@), given by 
equation (3.10), again appears to be satisfactory. It is 
alia possible that some of the scatter arises from the actual 
jwrosity of the powder and ball charge differing from the 
aimed value of 40%, but such deviations are scarcely 
calculable. Thus it is concluded that the function ¢19(¢/@) 
inuy be replaced by (1+0-40/@), with an accuracy sufh- 
tient for practical purposes. The remaining functional 
telutlonships cannot be represented by simple algebraic 
yepressions and so are best presented by graphs. 

Mn the first place it follows from Fig. 3.4a that, since 
iuuterials having a wide range of values of coefficient of 
jestitution are used and yet the points suffer no significant 
jwntter, the effect of the coefficient of restitution on the 
all requirements of the mill is very small. Thus, at least 
lit practical purposes, the function ¢g(e) may be neglected. 
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This result would be expected since, although the coef- 
ficient of restitution of the metals would affect the condi- 
tions of rebound when clean solid particles make contact, 
the effects of changes in the coefficient of restitution of the 
metals are, in the case of a ball in a mill, masked by the 
energy dissipating capacities of the loose bed of balls and 





)—GRAMME CENTIMETRES 


Pp 


TORQUE DIVIDED BY (1+ 0°4 0/ 
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Fic. 3.4 


powder upon which the ball falls and by powder between 
the contact surfaces. 

If, on referring to Fig. 3.3, it is assumed that the curve 
representing the free surface of the charge is a straight line 
and also that the angle @ is unaltered by variation of the 
quantity of the charge, then it is clear that the power to 
drive the mill is proportional to the product of the cross- 
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wctional area of the charge and the radius of the couple 
sii; both of which depend on the mill filling J. On the 
liisin of these assumptions it is a simple matter to calculate 
ili torque in terms of the mill filling and, when this is 
‘lone, the “theoretical” line of Fig. 3.5 is obtained. This 
inethod of treatment is a gross over-simplification, how- 
ever, since, as explained in Chapter 2, the curve repre- 
iting the surface of the charge depends on the filling and 
vit tional characteristics of the material. Furthermore, the 
lilly are not mathematical points and so there is mutual 


Theoretical Curve. 
Experimental Curve. 


® —Smooth Mills. 
© — Lifter Mills. 





O 0:2 0-4 0-6 0-8 1-0 
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interference between the balls. There is also interference 
leiween the balls and lifters, etc., and, when the relation- 
ship is determined by experiment, a vastly different curve, 
ui 18 also shown in Fig. 3.5, is obtained. The importance 
of this difference will become apparent later, when various 
simplified formulae, which have been proposed for the 
power requirements of a mill, are discussed. 

lt has already been explained in Chapter 2, in which 
ihe motion of a mill charge is discussed, that the coefficient 
ol trictton between the ball surfaces and the number of 
lulls in the charge are, from the point of view of motion of 
elurge, not independent variables. For this reason the 
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functions ¢4(d/D) and ¢,( f ) must be considered together, 
In Fig. 3.6a are shown the results of tests on a smooth 
mill containing clean steel balls and in Fig. 3.6b of tests 


AT a 














~~ 





Smooth Mills. 


on a mill with lifters. Examination of these curves shows 
that, for the practical case of (D/d) greater than 20, the 
value of the function does not differ significantly from 
unity. For values of (D/d) appreciably less than 20, how- 
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ever, the value of the function is not independent of the 
filling of the mull. 

In order to test the effects of variation of the coefficient 
of friction tests have been carried out in which: 


(1) ‘The balls and mill are cleaned and tested dry. 

(2) The balls and mill are cleaned and slightly oiled. 

(3) The balls and mill are cleaned and treated with 
molybdenum disulphide. 

(4) ‘The balls and mill are contaminated with a trace of 
powder. 

( 


5) A full powder charge is used. 


‘The coefficient of friction between surfaces treated with 
molybdenum disulphide is about 0-05 as against 0-1 to 0-2 
lor oiled surfaces and 0:3 for dry steel on steel. The coefhi- 
cient of friction between the surface contaminated with 
powder is unknown but is probably very high, say 0-5 
lo 1-0. 

In order to investigate the effect of small quantities of 
jowder, quartz powder from the sample passing through 
i 200-mesh sieve was added to the ball charge under 
investigation and normal tests carried out. The quantity 
of powder used for this purpose was 5-0 % of that required 
(o fill the void spaces between the balls. This quantity of 
charge was sufficiently small to ensure that, for all prac- 
ical purposes, the change in torque, from the correspond- 
ing case of the mill charged with clean dry balls only, was 
ilue to the change in the coefficient of friction and not to 
ihe increased density of the charge. As a result of these 
ieats, no significant difference was found between the 
pewults for the cases (1), (2) and (3) above, and the com- 
lined results for these tests can be presented by the full 
line of Fig. 3.7, this curve, of course, corresponding to that 
lor (J) =0-5 on Fig. 3.6. It is probable that this drooping 
‘hiuracteristic arises from the comparative freedom of 
olution of the balls when the coefficient of friction is low 
und when the number of contact points between the sur- 
faces is small; as is bound to be the case when (D/d) is small. 
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The effect of adding a small quantity of powder is 
shown by the broken line on Fig. 3.7, this curve being 
adequate for all values of (J) and, furthermore, a study of 
Fig. 3.6 suggests that this curve is adequate for lifter mills, 
Thus, it may be concluded that for smooth mills grindin 
materials having a low coefficient of friction ¢4,(D/d 
should be read from Fig. 3.6a. For lifter mills, or mills 
grinding materials giving a high coefficient of friction, the 
functional relationships should be read from the dotted 
line of Fig. 3.7. 





30. 40. 50, 


20. 
(%) 
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It has been suggested by Bond,®) that for values of the 
ratio (D/d) greater than about 80 the ball charge “slumps” 
and, thus, the curve of Fig. 3.7 falls for values of the ratio 
greater than this figure. It is also stated that this effect ig 
particularly marked in wet milling, but, since it is rather 
unusual to use balls so small that the ratio of (D/d) exe 
ceeds 80, it is probable that this effect is not of great 
practical importance. 

In view of this comment the present authors have, by 
use of the small-scale apparatus, subsequently extended 
the range of Fig. 3.7 to (D/d) ~ 200 and, in no case, with 
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(ills charged with iron shot or glass balls, has ‘‘slumping”’ 
if the charge been observed during dry milling. 

‘Thus, no explanation of this phenomenon can be offered 
lit it is probable that it is in some way bound up with a 
Virintion in the frictional characteristics of the mill charge. 

_ The results of tests carried out to determine the effect of 
iw number of lifters, n, on the power requirements to 











Number Of Lifters —n. 
Fic. 3.8 






iliive a mill, that is to establish 4;(n), are plotted in Fig. 
1, The function ¢;(n) is influenced by a large number of 
variables to a small extent, and the curves presented in 
{hin figure are the lines best representing the whole of 
ive data. This method of presentation is adopted since it 
Wi lelt that the errors introduced by the use of a single line, 
ti veplace many, are not significant but that the simplifica- 
{inn obtained is worthwhile. 
vom the figure it can be seen that, provided the number 
wi lifters is greater than about 6 and the ratio of (D/d) 
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exceeds about 20, the function has a constant value of 
unity. Thus it follows that, provided there are sufficient 
lifters to effectively key the charge to the mill shell, the 
number of lifters is unimportant. For a number of lifters 
less than 6, but with (D/d) less than 20, there is some 
dependence upon the value of mill filling as shown by the 
branching of the curve to the left of the figure. For prac- 
tical purposes the value of the function, for values of 
(D/d) less than 20, can be calculated by multiplying the 
relevant value read from the main curve of Fig. 3.8 by the 


ae 





O Ratio 0-1 (Yp) 0? 
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appropriate correction factor read off from the graph 
inset in that figure. 

The effect of the height of the lifters is given by the fune+ 
tion ¢g(h/D) and the results of tests to determine this fune= 
tion are given in Fig. 3.9, from which it is seen that for 
mills in which (D/d) is greater than about 20, the height of 
the lifter has little effect on power requirements. For the 
less usual case, in which (D/d) is less than 20, there is a 
considerable deviation for these limited cases, but & 
straight-line interpolation between the two curves of 
Fig. 3.9 is probably adequate. These conclusions are valid 
only for lifters of reasonable height, that is, for lifters in 
which fA is not greater than, say, 0-2D and not less than 
about d/2. If A exceeds 0-2D the lifters unduly interf 
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with the motion of the ball charge, while if 4 is much less 
iliun d/2 the balls ride over the lifters and so locking to 
ihe shell does not occur. This at once suggests that “‘wave’’, 
‘ghipelap’’, and other such liners cannot act as effective 
lilters. 

he effect of the particle size on the power requirements 
Hf « mill would be expected to be small, provided that the 
jurticles were not so small that powerful ageregation takes 
place. If this were to occur, the charge could become 

‘jelly-like” and the motion of the ball charge would be 
wriously impeded; with a consequent effect on the power 
demands of the mill. 

The results of tests, carried out on smooth and lifter 
inills, to determine the form of the function ¢9(D/d) are 
wiven in Fig. 3.10; these tests being such that the value of 
the group (D/d) exceeded 19, (J) varied from 0:1 to 0: a 
and in the case of the lifter mill, (h/D) =0-1 and (n) = 
whilst the group (D/d) was varied from 77 to 740 ; thi, 
fange of values of the group (D/d) largely representing the 
jiructical range covered by the operating conditions of a 
Cre number of mills. The points relating to different test 
‘onditions are seen to suffer a considerable amount of 
jeutter., This scatter probably arises from the interdepend- 
ence of the variables which has been discussed earlier, and 
it in felt that, unless a very great complication in the form 
ol additional correction factors is introduced, this must be 
accepted. For practical purposes such complication is not 
huntified, and, in the present work, mean curves have been 
drawn through the points of Fig. 3.10. When this is done, 
ile curves for the two cases are seen to be identical and 
wive the functional relationship ¢9(D/6) shown in Fig. 3.11. 

Decreasing the value of the (D/d) ratio in a given mill is 
seen to decrease the power necessary to drive the mill. ‘This 
muy be explained on the basis that the larger particles 
jeparate adjacent balls to a greater extent than do the 
jmaller particles, and, therefore, increase the dilatation of 
the charge. ‘The centre of gravity of the combined charge is 

(hus displaced towards the vertical through the axis of 
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iitution and so the torque is decreased. In the small mills 
iwwedl lor these tests, the presence of very fine powder, such 
iit the ratio (D/b) greatly exceeded 800, resulted in 
Wparation of the powder from the balls, but this only 
“ocurred at speeds in excess of 0-8N,. The powder formed 
4 ;ontinuous layer around the cylindrical wall of the shell, 
ind the power required to drive the mill decreased by a 
litve amount when this occurred. This phenomena would 
jwobably not occur with large industrial mills, but data is 
it available on this point. ‘The question is bound up with 
ihe absolute size of the particle and a ratio of (D/b) of 800 
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in mulls used in the tests corresponds to a charge consisting 
al particles of 0-003-in. average diameter. Generally, how- 
ever, tt would be expected that, except in the case of very 
line grinding, this effect is unimportant. 

Throughout the series of tests, the value of the powder 
lilling group (V) has mainly been held constant at unity; 
iis being the condition that the powder charge is 
ilicoretically just sufficient to fill the void space between 
the balls. In fact, the powder increases the total volume of 
ile charge and a layer of balls may occur at the surface of 
ihe charge, the void space between which is unfilled with 
powder. This restriction on the value of the parameter (V) 
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has been made because, in practice, less powder than is 
necessary to fill the void space is rarely used since a part 
of the ball charge is then inoperative in the grinding pro- 
cess; even though the power necessary to maintain the 
centre of gravity of the inoperative portion of the ball 
charge in the displaced position must still be supplied. 
Conversely, if the powder is excessive, choking of the mill 
occurs, and a portion of the powder charge is remote from 
the ball charge at any instant and so cannot be effectively 
ground. hus the decision to restrict the value of the para- 
meter (V) to unity is based upon the practical importance 
of this case and the necessity, in view of the large number 
of variables involved in the problem, to limit the amount 
of experimental work. 

Although this restriction is useful from the point of view 
of limiting the number of variables to be investigated, it 
imposes the restriction that the results are strictly applic- 
able only to batch mills and not to the industrially im- 
portant grate mills and overflow mills. ‘hus the results of 
the present investigation, which has been carried out for 
the case of (V) =1-0, are strictly applicable only to a batch 
mill. The results have, however, been extended directly to 
the cases of the trunnion overflow mill and by inference to 
the grate discharge mill. Consider now the extension of the 
work to these cases; the mills together with a batch mill 
have already been illustrated in Fig. 1.4. 

With a batch mill, as previously suggested, the centre of 
gravity of the ball charge and powder charge sensibly 
coincide and so the density correction (1+0-40/e@) pre 
viously deduced is applicable. 

In the grate mill the powder surface probably slopes 
from the inlet end of the mill to the discharge end in the 
manner indicated in Figs. 1.4b and 1.4d. In this case the 
moment of the powder charge about the axis of rotation of 
the mill is probably much the same as in the ball mill; the 
greater moment at one end of the mill being roughly 
balanced by a smaller moment at the other end. Thus, the 
method of the present work would be expected to be 
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ujplicable to a grate mill with an accuracy sufficient for 
HioONl purposes. 

In the case of the overflow mill, in order that the pro- 
(ict shall overflow through the hollow trunnion, it is 
io edsary that the general level of the powder surface must 
jurrespond to about a 45-50% filling of the mill Then 
when the ball filling is about 45-50% the overflow mill 
jorresponds to a batch mill, and so the power input should 
lw clirectly calculable from the present work. For small 


Note! A ‘Standard’ Mill Is A Mill In Which 
The Powder is Just Sufficient To 





O O-1 0-2 0-3 04 £O¢5 
Ball Charge -J. 
Fic. 3.12 


values of ball charge, however, a correction factor is 
iecessary and this has been determined by experiment and 
it given in Fig. 3.12. In the use of this factor the power is 
(ilculated on the basis that the mill has a ball charge equal 
io that in the actual overflow mill and the normal correc- 
tion for powder charge is introduced. This calculated power 
is then multiplied by a factor, corresponding to the value 
ol the actual ball charge; the factor being read from Fig. 
4,12. The shape of the curve of Fig. 3.12 would be ex- 
pected, since for very small ball charges the powder 
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standing above the ball charge level contributes a rela- 
tively large moment, and so increases the power required 
over that calculated on the basis of a batch mill. For 
intermediate fillings, however, the contribution to the 
moment by this additional powder is small, but there is, 
in addition, a loss of moment due to this additional powder 
displacing the centre of gravity of the relatively heavy ball 
charge towards the centre of rotation. 

Strictly, there should be a correction curve for each 
value of the density of the charge material, but, in fact, the 
correction is small and when regard is paid to the overall 
accuracy which can be expected in calculations of this 
type, interpolation between the curves of Fig. 3.12 is all 
that is justified. 

The parameter £ is the characteristic of the powder 
which is a measure of its resistance to grinding. Thus the 
quantity (£/D3N2o0) would not be expected to affect the 
instantaneous power input to the mill, although it would 
be expected that the rate of grinding is dependent upon it, 
The question of rate of grinding will, however, be treated 
in a later chapter. 

The tests carried out with different materials in the mill, 
in order to determine the effect of the density of the 
powder, show no significant variations which can he 
attributed to the difference in the value of the parameter 
E between the materials. ‘Thus it appears that in connec» 
tion with the power input to the mill, the dimensionless 
sroup (£/D3N20) is not a significant variable, and so 
$12(/D3 N20) is eliminated from the equation. 

In order to compute the power required to drive a mill 
it is necessary to include the values of all the various rele» 
vant factors previously discussed and on the basis of this 
foregoing work, the equation for the power becomes 


(ewig) = (14°). (5 5): dy. (x). d3(J). $e() ol) 


x $o( 5) -$o( 5) #7) .... Oi 















































THE POWER REQUIRED TO DRIVE A MILL 93 


where 4,'(N,/N) is read from Fig. 3.2, 
¢,(J) is read from Fig. 3.5, 
¢,(d/D) is read from Fig. 3.6 or Fig. 3.7 as required 
by mill parameters, 
$,(n) is read from Fig. 3.8, 
$,(h/D) is read from Fig. 3.9, 
¢9(b/D) is read from Fig. 3.11, 
and  4,,(V) is read from Fig. 3.12 for a trunnion over- 
flow mill or is taken as unity for a batch mill or 
grate discharge mill. 


The equation (3.11) has been applied to the computa- 
lion of the power requirements of large industrial mills, 
hawecl on the published data given by Taggart,(® and the 
revults of these calculations are shown in Fig. 3.13. From 
(lis curve it is seen that the points are scattered along good 
itraight lines, even though the ratio of the horse-power to 
dvive the largest mill to that required to drive the model 
iw of the order of 30,000 to 1-0. Thus it appears that there 
are no systematic errors in the results of the model tests. 

In connection with the scatter of the points, it is perhaps 
of interest to mention that the data quoted by Taggart, 
which have been apparently obtained by circulating a 
(jestionnaire to a large number of mill owners, are, for 
ihe following reasons, subject to some uncertainties. 


(1) The power quoted is the power input at the motor 
terminals. Furthermore, this figure is often esti- 
mated; or even the nominal installed power is 
quoted. 

(2) The overall efficiency from the motor terminals to 
the mill body is unknown and can vary from mill to 
mill. For purposes of calculations an overall effi- 
ciency of 85 % has been assumed for mills with con- 
centric drives, and an overall efficiency of 75 % for 
mills with girth ring drives. 

(3) The figures for diameter and length are quoted on 
various bases; for example some are the nominal 
dimensions of the mill and others are inside new 
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POWER TO DRIVE THE BALL MILLS CALCULATED FROM PRESENT WORK— HORSEPOWER 





OBSERVED POWER TO DRIVE GRATE BALL MILLS—HORSEPOWER 
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OBSERVED POWER TO DRIVE OVERFLOW BALL MILLS—HORSEPOWE 


Fic. 3.13 


liners. Since the power input, P, is related to the 
diameter D by the expression P = KD?‘5, the un- 
certainties in the diameter of the mill can produce 
considerable inaccuracy in the calculated value of 
the power input. 

(4) The density of the material being ground is not 


known precisely. 


In view of these uncertainties, it is believed that the 
agreement between the calculated and measured powers 
is as close as can reasonably be expected, and it may he 
concluded that the results of this work upon small-scale 
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tnodels may be applied with confidence to the calculation 
of the power input to industrial mills of even the largest 
wize; that is to machines absorbing even several thousand 
horse-power. The method of calculation developed in this 
work will be demonstrated by application to the data, 
relating to a large mill, published by Carey and 
Stairmand.@ 

A lifter mill of 6 ft diameter, revolving at 18-7 r.p.m., is 
wrinding coal. ‘The body of the mill is divided into two 
sections: one section, 7:5 ft long, being charged with 5 tons 
of steel balls, of 2 in. average diameter, and the other sec- 
lion, 15 ft. long, being charged with 6 tons of “‘Cylpebs”’ 
of ¢ in. average diameter. 

For the section 7:5 ft long and assuming 40% voids 
between the balls and in the coal, the above data lead to: 


Volume of balls = 38 cu. ft 
and Volume of chamber = 2/4 x 62x 7-5 = 212 cu. ft 


‘hus (J) = 0:18 
l'rom equation (3.5), the critical speed for both sections 
iy 31 r.p.m. 


Now from the appropriate graphs, 
bi (N./N) = 9-2, $3(J) = 0°65, 4(D/d) = 1-0, 
gs(m) = 1:0, and ¢6(h/D) = 1-0 
und since the particle diameter, 4, is probably less than 


about 4 in., dg(D/b) = 1-0. 
‘Then from the equation 


(ose) = (14°30 )-(0)-#(x) 40-4469} 


<$e(n) -$0( 5) -F0( 5) 


= (1 a =) x (F) x 9-2 x 0-605 x 1-0 





7:9 6 
x 10x 1-0 


96 BALL, TUBE AND ROD MILLS 


or P = 820,000 ft pdl/sec 
= 49:5 h.p. 


If; for the section 15 ft long, it is assumed that the 
‘‘Cylpebs” pack with a voidage of 40%, then (J) =0-13 
and, by similar calculations 


P = 66 h.p. 
Thus the power to drive the whole mill 
= 49-5+66:0 = 115-5 hp. 
= 86 kW 


From the published data, the measured power to the 
motor terminals is 103 kW, and so the power demand of 
86 kW by the mill leads to a combined efficiency of motor 
and transmission of 83%, which is reasonable. Thus the 
agreement is as close as can be expected. 

Consideration of equation (3.11) will show that for 
speeds less than 80 % of the critical, 


_ DoN%.(1+-—").(5).(5) -ds/) eee (3:12) 


the remaining groups of the equation being neglected for 
the time being. 

Now, for a given mill filling and a given material being 
ground, ¢3(J) and (1+0-40/0) are invariant, and for a 
constant fraction of the critical speed ¢,(N,,/N) is constant, 

Furthermore, since the mill runs at a given fraction of 
its critical speed, it follows from equation (3.6) that 


N = K[/D 
SO P = D®,(K/D)3/2 
= KD*s see (8:13) 
This equation is true for complete similarity between 


length and diameter of the mill but, for a mill of constant 
length, it follows that 


(L/D) o (1/D) 
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ail wo, in this case, 


which is a widely accepted relationship for the power 
pul to a mill, | = 
_ Iti tact, it has been found by Gow, Guggenheim, Camp- 
loll and Coghill,®) Fahrenwald and Lee) and others 
ihiwi, in practice, the power demand is given more nearly 
iy the relationship 






P = KD26 ree: 





Fic. 3.14 


rom Fig. 3.7, however, it would be expected that 
/,(D/d) varies approximately as (D/d)®-! and in Fig. 3.14 
ij shown the curve (D/d)°-97 plotted on the same axes as 
the dotted curve of Fig. 3.7. It is seen that the fit is 
rsonable. 

Thus it follows that in tests in which the ball diameter is 
jonstant the ratio (D/d) varies directly as D, and so the 
ie to the mill, which varies with ¢,4(D/d), will vary as 

"! approximately. Thus, it follows that, if the ball dia- 
iter is maintained constant, the equation (3.14) must be 
multiplied by D1, which brings about agreement with 
uation (3.15). 
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One of the earliest attempts to derive, from theoretical 
considerations, a formula for the power to drive a mill is 
that of Davis,“ who starting from the basis of the ball 
trajectories discussed in the previous chapter, calculated the 
striking velocity and so the kinetic energy of the elements 
of the charge in a given trajectory and, by integration, the 
kinetic energy to the whole charge; this kinetic energy 
clearly being supplied to the mill from the external source. 





Length-Feet. 
Fic. 3.15 


On this basis the following formula for the power input to 
the shell, when working under conditions of best theoretical 
efficiency, was obtained: 


" (1 — K%) (1 — K8) 
P — WRS!240-004467 We — K2)3/ 
ut 


where the value of K is given by the following approxi- 
mate equation: 


K = —0-024+0-39(7—10J)/2 .... (3.17) 
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The equation (3.16) is not directly comparable with 
equation (3.11), since for a given composition of charge, 
the weight of the charge, W, cannot be varied inde- 
jwnclently of the diameter of the mill and similarity main- 
iuined at the same time. Thus, the functional relationship 
(7) of the previous work is absorbed in the form of 
equation (3.17). Furthermore, the equation of Davis is 
ilerived for the conditions of maximum efficiency and so 
iv not general. | 

An equation developed by Bond@) for mills dry- 
wrinding is 


fp = 1-264 De x +, (6-16 —5:75J) —0-1 x 2iocniv-o-6-1} 


Asn GAR 


where P is the power draft in kilowatts per ton of grinding 
balls. The equations of both Davis and Bond are based 
only on the mill diameter, the mill filling and the speed 
wl rotation expressed in terms of the critical speed; the 
forms of the equations arising from the empirical expres- 
vions defining the relationships between several variables. 
Since the weight of the ball charge enters both these 
equations directly, it follows that the power is proportional 
io the length of the mill; a conclusion which is in accord 
with the equation of Rose and Evans.(2) 

lt has been suggested by Gow, Guggenheim, Campbell 
and Coghill,@3) however, that the power does not vary 
ilirectly as the length of the mill, but these workers give 
i expression which reduces to 


$o(L/D) = (05L-1)K+1  .... (3.19) 


where Z is the length of the mill and K is a constant having 
the value of 0-9 for mills of length less than 5 ft and 0-85 for 
mills of length greater than 5 ft. This function is plotted in 
Viv. 3.15, and it is seen that for long mills the power 
ii considerably smaller than is demanded by a linear 


a | 
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The higher power requirements of a short mill would, 
perhaps, be expected, since the end plates of the mill might 
cause a “‘piling-up” of the charge at the ends of the mill. 
Such an effect would, however, be expected to be neg- 
ligible in a long mill. Thus, this deviation for a long mill is 
surprising and it is believed that this formula should be 
accepted with caution. 

Hancock(4) proposed the formula 


P = 0-00078C3Ln6 ...s (3.20) 


where C is the length in feet of the chord defined by the 
surface of the mill charge, Z is the length of the mill in 
feet, 6 is the mean specific gravity of the charge and 7 is 
the speed of rotation in r.p.m. This formula approximates 
to the formula of Rose and Evans insofar that the term 
o(1 + 0-40/¢) is proportional to the mean density of the pulp, 
and so to 6 of equation (3.20), and in that the power is 
proportional to the length of the mill. 
Furthermore, the quantity C? may be written: 


C3 = D3(C/D): 


but (C/D) is the sine of the semi-angle, A, subtended by the 
surface of the charge at the centre of the mill and so 


C3 = PY sin3 4 


Examination of Fig. 3.16 shows, however, that for the 
practically useful range, of up to 50% filling, the curves 
of sin? A and ¢,(/) practically coincide. Thus 


C3 = D8 x $3(J) 


Also from equation (3.6) it follows that for constancy 
in the ratio of running speed to critical speed 


no 1/4/D 


Then, on making these substitutions, equation (3.11) 


P= venti tir (io0e) 
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hwcomes 
P = K,D5N3x— Reet) Keen (1+0-4°) 
] DN? 2 D Q 0 
= K,N x {D8 x d3(J)}x Lx 
= 0-00051 NC3L6 ae Ree 


Thus, the general form of the two equations is in close 
ayreement but the value of the coefficient (0-00078) 
appears to be in error. 





lor values of mull filling greater than 50%, however, 
ihe agreement is not good but, in practice, high mill 
lillings are perhaps not so frequently used as the lower 
values so it may be concluded that, provided that the 
forrect value is assigned to the coefficient, the equation of 
Iluncock, in spite of its simpler form, is, over a practical 
fiunge of variables, in good agreement with those of other 
workers. Thus this formula includes, approximately, the 
(dimensionless group ¢3(J/) of the previous work. 

The dependence of the power demand of a mill on the 
iuture of the pulp does not appear to have received a great 
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deal of study, and, in general, observations on this matter 
take the form of general statements. For example, Tag- 
gart 5) states that, other things being equal, wet milling 
requires 60-90 °%% of the power for dry milling. This view 
is confirmed by calculations of the present authors, based 
on figures for two mills of about 8 ft diameter and 45 ft 
long kindly made available by Messrs. Edgar Allen & Co, 
In this case the power as calculated by the formulae of 
Rose and Evans was in extremely good agreement with 
the observed power requirements of the mill when dry 
grinding (within 5%). However, the power calculated on 
the basis of dry-grinding formulae with modified charge 
density was found to be about 20 % higher than the actual 
demand of the mill when grinding wet. 

It would be expected that a fine “smooth” fluid pulp 
would reduce the power demand, since such a pulp would 
act as a lubricant to the mill charge and so reduce the 
equilibrium displacement of the centre of gravity of the 
charge. This reduction of the power requirement of the 
mill is probably bound up with the phenomenon of 
“‘slumping”’ of the charge, mentioned earlier. More viscous 
pulps would, by increasing the displacement of the charge, 
lead to increased power consumption. With increasing 
“tackiness”’ of the pulp, a reduction of the power require- 
ments would be expected, since, in such a case the balls 
might adhere so well to the shell that a part of the charge 
is spread over the shell and, thus, is balanced about the 
axis of rotation. This decrease in power demand with 
pulps of increasing thickness is in accord with the 
observations of Gow, Guggenheim, Coghill and Camp- 
bell,(16) but these workers did not carry the tests to the 
point where the balls adhered to the shell of the mill. This 
effect is, however, also observed in mills which are used for 
the dispersion of pigments in varnish, and similar duties, 
and so is very real. 

From what has already been said about the interaction 
between the coefficient of friction and the magnitude of 
the ball charge, it would be expected that the effect of the 
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ihange in pulp conditions would be relatively more im- 
jiortant in mills for which the charge is small. This con- 
‘liwion in fact follows from the observations of Gow, 
(iiipeenheim, Campbell and Coghill(@®. ‘Thus it would be 
expected that, for large fillings, the effects of the variation 
if the pulp characteristics would be, largely, in accordance 
with what would be expected to result from the conse- 
juential changes in the coefficient of friction involved. 


Se 
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In view of the lack of data on this subject, it would 
appear that the best corrections for pulp characteristics 
which can be made is to assume that, for very thin pulps 
and moderate values of J and (D/d) the power required is 
i) /, of that for dry milling, and then to use a linear inter- 
polation for less liquid pulps. For larger mill fillings or 
ae values of (D/d) the reduction in power would be 
om than for the previous case and the multiplication 
\uctor should be modified accordingly. The general cor- 
fectness of this view is supported by Fig. 3.17 in which the 





104 BALL, TUBE AND ROD MILLS 


results of tests by Gow, Guggenheim, Campbell and Cog- 
hill,@6) are plotted. Although these points are small in 
number and rather closely spaced they give lines which 
when extrapolated to zero pulp density give 0-22 and 0:45 
horse-power as the powers to drive the mills without pulp 
charge; these figures being in the ratio 2:05 to 1-0. | 

Reference to equation (3.9), however, shows that, all 
other variables being maintained constant, the ratio of the 
powers is proportional to the ratio of the square of the 
speed; in this case (0-70/0-50)2, that is in the ratio 1-96 to 
1-0, which is in good agreement with the figure 2-05 to 
1-0. Furthermore, for a mill running at 70 % of the critical 
speed the ratio of the power when grinding a pulp of 50% 
density to the power when dry grinding is about 0:6 to 
1-0: which is in accord with the previous general statement 
that when wet grinding the power demand is about 60% 
of that when dry grinding. Thus it appears that, ve 
roughly, the linear interpolation previously suggested is 
adequate. 

The possibility of calculation of the power required to 
drive a mill from the knowledge of the horizontal displaet« 
ment of the mill charge has been developed by Carey and 
Stairmand., (7) 

From the principles discussed earlier in this work, it is 
easily shown that 


P = WNH,(1/3-14) -.-- (On 


where P is the power input to the shell in kilowatts, to 
maintain the displacement of the charge, W is the He 
in tons, of the grinding media plus powder, N is the mill 
speed in r.p.m. and H, is the horizontal displacement in 
feet of the centre of gravity of the charge. Thus, the power 
input may be calculated provided the value of H, can he 
obtained. | 
For this purpose Carey and Stairmand furnish a graph 
which gives the value of the ratio H,/D (D is the mill dia» 
meter), in terms of the mill filling and the ratio of the speed 
of rotation of the mill to the critical speed; this graph being | 


w= (TT p/4) Qs » Fs0,3185 WN He 
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shown in Fig. 3.18. These curves are stated to be applicable 
io mills having diameters ranging from a few inches to 
yeveral feet and, in practice, to give reasonably reliable 
results. 

Analysis of this method in the light of the previous dis- 
(\wsion shows that the effects of the weight of the charge, 
und so ¢(1+0-40/0), are included. Also the effects of 
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hy (N/N.), ¢3(J) and of lifters are included, and so it 
appears that only variables which have been shown to be 
“| comparatively minor importance are omitted. ‘Thus, it 
would be expected that this treatment would have an 
accuracy sufficient for most practical purposes. 

The power required to drive a rod mill does not appear 
\) have been extensively studied. As a first approximation, 
it would be expected that the value of the function 
#io(a/e) would be different to that for a ball mill but 
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that the values of the remaining functions would not be 
seriously altered. 

Since the “‘voidage”’ in a bed of circular rods, packed in 
the tightest array, is about 10% (0-095) and assuming the 
voidage of the powder to be 40 %, it follows that 


g)  (LaO jet: lil —0-4)e 
dro(5) y (1—O-1)@ 
= 1+0-067c/0 .... (Oa 


Also, for a given value of mill filling (J) the load of rods 
in the mill will exceed that of balls in the ratio of the 
volume of rods to the volume of balls, that is, 


1-0-1 _ 
1-0-4 ~ 


Thus, the power to drive a rod mill, without a powder 
charge, will be given approximately by 


P, = 1-5P, tea. (3,98) 


where P, is the power to drive the rod mill and Pz, is the 
power to drive the corresponding ball mill, as calculated 
from the foregoing formulae. 

It is probable, however, that the action of the powder 
to dilate the charge, and so to reduce the horizontal dis- 
placement of the centre of gravity of the charge, would be 
more marked with rods than with balls. This would lead 
to a reduction in the actual power to below that which 
would be calculated by the use of the formulae of the ball 
mill, as modified by the use of equations (3.23) or (3.24), 
This effect would, however, probably be small and so 
could be neglected. 

A further case which requires consideration is that in 
which the grinding media is of some form such ag 
‘““Cylpebs”’; off-cuts from scrap drill rods sometimes being 
used in the mining industry. Also in some cases, thoug 
rather rarely, large pieces of ore are used as a grindin 
medium. It appears, however, that only in the case 
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pstremely high costs for the carriage of replacement balls 
ian the use of such lumps of ore be justified on economic 
M uincds; since the grinding efficiency is adversely affected 
\livreby and the milling cost correspondingly increased. 

he use of such non-circular or non-spherical materials 
would lead to a “‘locking’’ of the elements of the charge, 
anil so to an increased displacement of the centre of 
i" vity of the charge, with a relatively increased power 
(demand. The power demand would, furthermore be modi- 
fiwil by the tightness of packing of the grinding bodies, 
which is different to that for balls, and by the density of 
iin material. The power to drive mills charged with such 
jiiterials does not appear to have been studied, however, 
ancl, with the present state of knowledge, little more than 
iitigh estimates of the power calculated on the basis of 
(ie previous equations modified on the lines suggested, 
pan he made. 

The foregoing work deals entirely with the power 
jweessary to keep the charge within the mill shell in 
iotion, Clearly, in order to determine the power to be 
iipplied by the driving motor, it is necessary to add to this 
liguire the power lost in the bearings supporting the mill 
jhell, in the bearings supporting the intermediate speed 
shally and in the reduction gearing. The estimation of 
ihe losses, is, however, a matter of general engineering 
knowledge, and is not specific to the tumbling mill, and 
‘ich matters are specifically excluded from the present 
work, 
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CHAPTER 4 


OON THE COMMINUTION OF SOLID 
BODIES 















Tit problems associated with comminution of solid bodies 
#/¢ Mumerous and complex. In spite of the large amount 
if investigation which has been undertaken, the present 
Hate of knowledge is such that there is no theory by means 
i! which the behaviour during fracture of even a single 
jrirticle under the simplest possible mode of loading can 
predicted in reasonable detail or with moderate 
Aeeuracy. > 

Ini the absence of an adequate theory applicable to even 
j imple case, it is clearly unreasonable to hope that the 
Bhaviour of a comparatively complicated system, such as 
4 till, in which numerous particles are involved and the 
iiode of loading gives rise to both impact and abrasive 
/incing of the particle, can be predicted from theoretical 
‘onuiderations. Because of this absence of adequate theo- 
ieiival knowledge much of the design of large industrial 
jiilly is based on previous experience with similar mills or 
4 ecluced from tests on pilot plant. In spite of the absence 
nl adequate theories, it is intended to give in this chapter a 
lwiel survey of the present knowledge of the subject of the 
(vaelure of solid particles, since it is believed that such 
\itowledge is desirable if the problems of grinding are to 
tie understood. 

The materials which are ground industrially may be 
vither homogeneous or heterogeneous. Thus, graphite, 
fiolybdenum disulphide, pigments and drugs are, when 
technically pure, homogeneous from the standpoint of 
Wuilormity of crystalline make-up. A particular crystalline 
Wiaterial will tend to exhibit characteristic mechanical 
109 
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properties which spring from the crystal structure and 
associated factors, such as crystallite size and arrangement 
of the crystallites within the macro crystal or powder 
particle. Such materials are homogeneous. 

Materials like iron ore, however, will generally be com- 
posed of particles of almost pure iron oxide, intermixed 
with particles of silica. Thus, metal ores in general, coal 
and cement clinker are heterogeneous materials. For 
reasons which will be discussed later, there is sound 
evidence that these two types of material have different 
fracture characteristics. The line of demarcation between 
the two types of material is not sharp, however, for although 


a heterogeneous material is fairly obvious, jomogencous 


geneous particle; for example, a cube of granite or iron 
ore. Since, in general, the cementing medium at the grain 
boundaries in Sicha maternal may ‘be considered to have 
a lower strength than the grains themselves the fracture 
will, in the main, occur by failure of the grain boundar 
After a while the particle will be broken down into the 
constituent grains. When this stage has been reached 
further size reduction can only be brought about by frac- 
ture of the grains themselves. Since however, as stated, if 
is probable that the crystals of such materials are stronger 
than the material at the boundary, grinding beyond this 
point is more difficult than in the earlier stage. In parti- 
cular, Hiittig®) has applied these considerations to the- 
grinding process. 

Thus, a graph of fineness attained against the expendi» 
ture of work necessary to attain the fineness would be exe 
pected to have a form somewhat as shown in Fig. 4.14, 
Clearly, in the case of metals, it would be highly improh« 
able that all the grain boundaries would fail before any of 
the crystals failed. Micro-photographs, by Felix and 
Geiger,(2) of samples of steel which have failed under 
brittle conditions show clearly that the fracture is propas 
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ourably situated with regard to the forc 
cl cases the stresses cannot be reduced by plastic de- 
‘imation and so the cohesive strength 7 d in the 


0 tI is exceeded in 
avage plane. For most materials therefore, failure of 
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some crystals would occur simultaneously with the failure 
the boundary and this would eliminate the sharp corner 
in the curve and so give rise to a non-linear relationship. 
ii the crushing of a homogeneous material, however, the 
tie would be different. If the crystal lattice were perfect 
nd the platens of the press and the polished faces of the 
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crystal were absolutely plane and parallel, then theoreti- 
cally the stress would be uniform throughout the particle, 
Presumably, when the stress at which failure occurred 
were reached, the crystal would disintegrate into a dust in 
which the particles would be of the same order of size as 
are the crystallite or elementary blocks of he cata 
lattice. Even if such an ideal crushing process did nol 
‘occur, it would be expected that the particles of a homo« 
geneous material would be of the same strength, regardless 
of size, and so the curve of fineness attained plotted against 
work required to attain that fineness would be a straight 
line, as shown in Fig. 4.1b. 

That a crystal of a homogeneous solid will tend to break 
down on comminution and reproduce the characteristic 
geometry of the larger particle, is indicated by the work of 
Stott, (3) which has shown that, on grinding, graphite, tale 
and other laminar solids retain a plate-like form down to 
the smallest sizes. In this there exists a condition inters 
mediate between the ideal case mentioned above and the 
case of heterogeneous materials such as iron ore or other 
materials of mixed crystalline make-up. The fact remains, 
however, that no real crystal is perfect, and so the crushing 
of a truly homogeneous crystal is of theoretical interest 
only. | 

The imperfections in a real homogeneous particle may 
be roughly classified under three headings. In the first 
class may be placed “‘micro”’ defects, which may be of the 
form of an ion missing from a lattice point or a similar 
defect in the ultimate structure of the material. Defects of 
this nature are probably so small in relation to even the 
smallest industrial particle, and so uniformly distributed 
throughout the particle, that, although they reduce the 
strength of the material below that which the same 
material would have if the lattice were perfect, they have 
no marked effect upon the fracture characteristics of the 
material; which remains, in this respect, homogeneous, 


In the second class may be placed “‘macro’’ defects, 
Defects of this nature may be flaws or cracks extending 
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“1088 an appreciable fraction of the cross-sectional area 
iif the particle. ‘They may arise from defects in the growth of 
ie crystal, thermal stresses, shock loading, etc. Defects 
of (his nature, if present in any appreciable number, are of 
(portance in connection with fracture since, clearly, they 
jonaititute planes of weakness, similar to the grain boun- 
ilavies in a heterogeneous particle, and so would give rise 
i) a ‘‘wrinding characteristic’ curve as for a heterogeneous 
Wiwterial, Fig. 4.1a. 

li the third class may be placed what, for brevity, may 
lie called “mosaic” defects. The basic idea underlying this 
lin of defect is that there is evidence that materials are 
liwilt up of elementary “‘bricks’ having a size of the order 
if « hundred lattice dimensions. Thus, for example, 
lLiley“) suggests that the micelle, which represents the 
#lementary unit in coal and coke, has a size of about 35— 
410 A; Humphreys-Owen(‘) states that mineral salt (NaCl) 
lias an elementary structure of about 1500 A. One of the 

iwesent writers, Rose,(®) has shown that curves of both the 

bull density and reflectivity of graphite have a discon- 
liiuity, which probably indicates a change of structure, or 
i whange in the surface condition of the primary particles 
lovming the aggregate, at a particle size of about 500 A. 

If now the crystal structure is “‘perfect”’, th ar 
Wicks are arranged in an ordered sway,. the adjective 
“ywrlect” merely indicating that the array of the “bricks” 
\) ordered and not that there are no defects, of the type 
i lawified as “micro” defects above, in the crystal lattice. If, 
hawever, the crystal is ‘“‘mosaic’’, the elementary blocks 

© not in an ordered array and such a crystal would be 
pected to be weaker in brittle fracture than the corres- 
ponding crystal with ordered array. A crystal structure of 
this nature would again suggest that grinding would 
lwcome more difficult when the particle size reached that 
i the mosaic block. Starting from a large particle size, the 
winding characteristic curve for a mosaic crystal would be 
#xpected to be in three parts, as shown in Fig. 4.1c. In 
practice, the grinding of materials to below the mosaic 


———& 


' ‘As an example of this fallacy may be cited the use 0 


fine particles. In fact, however, many other more probak 
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block size is rarely carried out and so evidence as to the 
behaviour of particles in this size range is lacking. 

Jt is known that, as grinding proceeds, there is an in 
creasing degree of aggregation of the particles, w 
makes it increasingly difficult to separate the primary 
particles of the aggregate as, for example, in the prepara» 
tion of dispersions of the solid material in a liquid vehicle, 
The underlying reasons for this are not clearly understood, 
but a factor is probably the increase in the magnitude of 
the surface forces.as the particle size is reduced, these 
forces approximating to those which hold the material in 
solid form as the particle size approaches that of the 
elementary units from which the material is constructed, 

‘The foregoing elementary discussion is relevant only to 
the crushing of a single particle but in practice a number of 
particles, often in a bed of several particles thickness, are 
crushed and so it is probable that the behaviour during 
multiple-particle crushing will differ widely from that out. 
lined. In addition, the foregoing discussion involves only 
the energy supplied to the particle and not that supplied 
to the crushing device. This difference is of considerable 
importance, however, because the results obtained fro 
certain types of crushing are sometimes interprete 
arising from the crushing characteristics of the mater! 












c 
results of tests carried out upon a ball mill. From Chapter 
3, it is easily seen that the change in particle size has pi 
tically no effect upon the power to drive a ball mill and so 
the energy input to the mill is proportional to the time ¢ § 
ailling, as in Fig. 4.2. When, however, the mill contents 1 
‘sampled and the fineness of the product plotted against 
the time of grinding, the result is a curve, as shown. 

At first sight this curvature would appear to, and proh ‘ 
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ably does in part, arise from the increased strength O 


mechanisms which would lead to this result are operative 
for example the reduced area around the contact point 
between a pair of balls, within which crushing must take 
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jlnce, will lead to a decreased rate of grinding as the fine- 
iim) increases. Another possibility 1s the carrying out of a 
line particle by the air expelled when the falling ball 
— the stationary one, or even welding together 
if the finest particles by the blow would tend to produce a 
litte of the type shown. Thus, there is certainly no ground 
lit stating, without further evidence, that the curvature of 
ili line constitutes proof of increasing strength of the 
jwiruicles with decreasing size. Again, the existence of fine 
imuterial, along with the coarser particles, may exert a 
‘iuihioning effect during milling; the fine material inter- 
loving with the mechanical action of the ball on the 
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‘yystalline material being ground by forming a resilient 
jiutrix in which the larger particles become embedded* 
That this mechanism is of importance is supported by the 
“biervation that the rate of grinding in a batch mill is in- 
‘veased when the charge is removed from the mill, the 
lines sieved out, and the oversize material remaining again 
feturned to the mill. 

Hither of these explanations forms a more practical ex- 
jilanation for the decrease in the rate of size-reduction of a 
jwder with increased milling time than does that based 
in the hypothesis that the mechanical strength of the 
iwiterial increases with a decrease in particle size. 
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(1) Elastic deformation of the particle. 

(2) Plastic deformation of the particle. 

(3) Gliding or slip on atomic planes, twinning and poss 
sibly other lattice re-arrangements within the 
mineral. 

(4) Increased surface energy of the body. 


The energy corresponding to permanent lattice moye= 
nfchis-which will be small for hard, brittle materials, and 
‘to increased surface energy, is absorbed during the crush« 
ing process and does not reappear as heat. The remainder 
of the energy supplied, however, will reappear as heat and 
this difference at once gives rise to the idea of the energy 
which is “necessary” for crushing and that which iy 
“sufficient”. ‘Thus, it is essential that_sufficient_energy 


should be supplied to bring about enough elastic deforma« 
tion for fracture to occur, and no less quantity will suffice, 
When fracture occurs, however, this energy, less that cor+ 
responding to the permanent lattice rearrangements and 
to the increased surface energy, reappears as heat and | 
is this difference which is measured when a mill is run in 
calorimeter. Since, however, the energy for elastic, 
possibly that for a part of the plastic, deformation is 
essential if fracture is to take place, the use of the absorbed 
energy as a standard of comparison is grossly misleadin 
as to the efficiency of a crushing process. As an example 6 
this discrepancy, it has been observed that the energy 
supplied in free crushing is about five times that calculated 
on the basis of surface energy, whilst for a ball mill the 
value of the ratio is often between 500 and 5000. 

When a bed of particles is crushed the energy expended 
in friction between the particles must be supplied, but, 
again, this ultimately reappears as heat and performs no 
useful work in grinding. Thus, friction in the bed of 
particles will, again, lower the apparent ‘“‘efficiency” of a 
crushing process. 

Turning now to the so-called “‘laws of crushing”? which 
have been propounded, the earliest of these is that of Rit» 
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iinger, who in 1867 stated, apparently axiomatically, 
jliat ‘the energy necessary for crushing is directly propor- 
(ional to the new surface produced”. Continual reference 
i) this “law” 1s found in the literature so it 1s important 
(hit its implications should be carefully considered. 

urely from the point of view of an energy balance, this 
law would hold provided: 


(1) ‘The whole of the energy considered is absorbed as 
surface energy. 

(2) The energy per unit surface is independent of 
particle size. 


The law could not hold when strain energy and plastic 
(eformation energy is included. It cannot therefore be 
pXpected to apply to the whole comminution process or to 
ile comminution of ductile materials. It would be expected 
i) be applicable to the comminution of brittle materials 
when the energy expended in elastic deformation is de- 
iiicted from the energy input to the particle. 

Since, for spherical particles the specific surface, in area 
init’ per unit mass, is given by 


S = 6/od woes Ciyl) 
where o is the density of the material of the particle and d 
ihe particle diameter, it follows that the increase in specific 
iurface during grinding i is given by 

S) — So = (6/0) (1/d, — 1/do) coee (4.2) 
= §)9(R-1) ..+. (4.2a) 

Where R (=dp/d,) is the reduction ratio. 
If now W is the energy necessary for the creation of one 
unit of new surface the ratios of the energies necessary to 


recluce unit mass of a given material through the reduction 
intios R, and R, is given by 


+ =>5 soa SD 
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and if the reduction ratios are so large, in comparison with 
unity, that it may be neglected, then 


Wr,|We, — R,/R, ee ee (4.3a) 


Furthermore, the energy necessary to reduce unit mass 
of material from size dy to size d, 1s given by 


W, = (6/0) W(1/dy—1/d;)  .... (4M) 
= W(S)—S;) ..es (44m) 


These expressions, the use of which involves a knows 
ledge of the results of sieve analyses or of the specific sur» 
face determination, are easily applied and are widely used 
for the control of fine grinding operations. 

The law of Rittinger appears to have remained unchal« 
lenged until 1885 when Kick®) propounded the “Gesety 
der proportionalen Widerstande’’, but since that time & 
controversy has raged, concerning the validity of the two 
laws, which has not yet been resolved. 

The “‘law”’ as formulated by Kick is: 





(1) The quantities of work necessary in order to produce 
equivalent changes in shape in two geometrically 
similar bodies of the same material are in the ratio 
of the volumes or the weights of the bodies. 

(2) Bodies of given shape or form, in order to undergo 
a definite given subdivision or change in shape, 
require an expenditure of work equal to the produet 
of the weight and a quantity which is the quantity 
of work necessary for unit weight of the same shape 
to undergo the same deformation or subdivision. 

(3) The forces necessary for corresponding changes in 
shape of two geometrically similar bodies of the 
same material are in the ratio of the corresponding 
cross-sections or the surfaces of the bodies. 


Actually the second statement has precisely the samé 
information content as the first but is stated in an alterna« 
tive form. 
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lick obtained experimental verification of this law 
voi tests on the crushing of simple objects and, by 
ujplying the law to size reduction generally, was appar- 
mitly able to refute’the law of Rittinger. 

\n in the case for Rittinger’s law, an expression for the 
work input in order to bring about any specified reduction 
jatio may be deduced. Thus, Kick’s law states that the 
work necessary to reduce a body of unit size to a number of 
jiitticles of, say, half the size is constant. Each of these 
particles, however, requires only one-eighth (43) of the 
pierwy of the original body to reduce their size to one-half, 
hit, as there are now 8 (23) of them, the energy to reduce 


ad 


Energy /Unit Mass. 





Oo 


2 a 
Reduction Ratio —R 


Fic. 4.3 


iliw eight to one-half their size is equal to that required to 
jedluce the original particle to particles of one-half of the 
jive of the original body. Thus, to reduce a unit mass of a 


iiuterial to a given fraction of the original size requires the 
_ pApenditure of a constant amount of energy; regardless of 
ihe Mualaize ol partie, ==“ i 

" This can be illustrated graphically as in Fig. 4.3. 
Clearly, if the reduction ratio R is defined as do/d,, when 
ie material has been reduced to one-half the original 
sive, R=2 and one unit of energy has been supplied. To 
iiluce the size to one-half again changes the reduction 
fitio from 2 to 4, but again one unit of energy is required; 
and so on for further subdivision. 
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The relationship between W and R for such a case is 
clearly 
W= KlogR . os CD 


but this relationship can be obtained formally as follows: 


(1/K) dW = Increase dA in the reduction ratio 
expressed as a fraction of the 
initial value of R 


= (R+dR-—R&)/R 
= dk/R 
or, on integration, 
W = KlogR ... (ae 
4 
“4 | —-— Rittinger’s Law. 
= Kiek’s Law. 
‘= > 
=a 
ES 





Specific Surface. 
Fic. 4.4 


Alternatively, since R=d/d, or R=So/S,, equation (4.6) 
may be written: 


W = K log (do/dy) -e. (4,6) 
W = K log (S,/So) .... (oom 


{ The essential difference between the law of Rittinger and 
_ that of Kick is that according to Rittinger the energy re 
- quired to crush a particle depends upon the initial size: 
_ of the particle, whereas the law of Kick states that the 
_ energy required depends only upon the reduction ratio, 
The relationships between energy input and total surface, 
for various values of initial fineness, according to the lawé 
of Rittinger and Kick are shown in Fig. 4.4. 


Or 
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lhe foregoing analysis brings out a number of interest- 
iif points in connection with the fields of applicability of 
ilwae two laws. In the first place Kick’s law states that the 
siiery to bring about a specified change in the size of a 
jit mass of material is constant and, furthermore, since 
iw strain energy to induce a certain critical stress in a 
jit inass Of material is also constant, it would appear that 
ile lorees involved in breakage in accordance ath Kick’s 
l\\\ are body forces and, furthermore, after fracture the _ 
pergy Saahl ear as heat. Thus, Kick’s Taw would be 
Papected to hold fox particles for which the surface energy 
\) nepligible; that is for large particles during coarse 
priwhing, 

(jonversely, Rittinger’s law, which states that the energy 
iiuired for fracture is proportional to the new surface 
linvmecl, would be expected to hold for very fine grinding 
jinee, in this case, the surface is large and the surface 
jieryy requirements could swamp the elastic energy 
iijturements. In fact there is evidence that, in practice, 
/ourse crushing is roughly in agreement with Kick’s law, 
whereas fine grinding is more nearly in accord with 
hittinger’s law. At this point the implication of these two 
luws in relation to the physical process of crushing will be 
Ponsidered. | 

Simekal(®) has pointed out that although Rittinger’s law 
inpresents a logical interpretation of the process of forma- 
ion of new surface, the manner in which the process is 
jnitinted is disregarded. In technical size reduction, the 
jiarticles are crushed by impact, pressure or abrasion. The 
surface energy of the resulting newly formed surface is 
wiined at the expense of the elastic deformation energy of 
the body; the balance of the energy reappearing as sound 
wil heat. Smekal has also pointed out that particles can- 
not be considered as being of homogeneous structure, and 
Hénig has shown clearly how the influence of the micro- 
iiructure affects the validity of the laws of crushing. The 
importance of inhomogeneity in the particle is shown by 
ihe fact that it is generally accepted that the calculated 
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chemical bond strength of a material is of the order of 
—1000 times the actual mechanical strength of the 
material. Furthermore it is generally believed that 

“the discrepancy is due to points of inhomogeneity in 
the crystal structure; the elastic energy for fracture being 

, concentrated at these points due to notch effects. 

Srowoouls: vev It is implicit in the Rittinger law of crushing that the 
particlés are completely homogeneous, and in the Kick 
law of crushing that the particles are either homogeneous, 

or that the internal structure of externally geometrical 
| similar particles is also geometrically similary that ie The 
| distribution of faults in the internal structure is indés 
pendent of the volume of the particle. ‘This latter assump= 
‘tion is Clearly, in a real particle, of doubtful validity. Both 
the laws of crushing discussed therefore contain assump» 
tions implicit in their statement which recent theoretical 
_and experimental work on the fracture of particles has 
| shown to be of doubtful validity. In fact, the process of 
size reduction has been shown by Smekal,(%) Honig, (1) 
Axelson and Piret,“!) and others to be so complex that the 
existence of any general rigid law of crushing is doubtful, 
Nevertheless, these laws have been established over the 
last fifty years, as being useful tools for the predicting of 

the performance of size-reduction machinery. 

Within the last few years, a new theory of comminution 
has been developed by Bond.” It is based on the analysis 
of actual size-reduction machinery rather than on 
theoretical consideration of fracture. According to this 
theory, termed by Bond the ‘““Third Theory of Comminu- 
tion’, the effective work done in crushing and grindin 
results primarily in the formation of crack tips and it 
directly proportional to the total crack length formed. In 
equidimensioned particles the total crack length is stated 
to be equivalent to the square root of one-half the surface 
area of the particle. The total work input represented by a 
given weight of a crushed or ground product is therefore 
inversely proportional to the square root of the diameter 
of the particles of the product. 
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I! WV represents the work required to reduce, from a 
lec! with 80% passing # microns to a product with 80% 
jing P microns a unit weight of material, then 


7 pp a Si 3 wee yy; 


—=— — ee 
° ee 


TL APRA TE’ TO 


where W, is the “‘work index” or the kilowatt-hours per 
ion required to reduce from a theoretically infinite 
jiarticle size to 80% passing 100 microns. 

lquation (4.7) can be transposed so that when the work 
jniclex W, is known the work input W required by any feed 


sive F and product P can be found. Thus, 
1 = wf 
lf represents the reduction ratio, or /’/P, then 
SEE en 2 EE 
VF-/P ~VWR-1 
W 


ei LAeE | 
Ww = Rai to in LED) 


. (4.8) 


and 


Ihe mesh size, in microns, of the sieve through which 
0", of the material passes is selected as the criterion of 
feed and product sizes since this is a figure which is readily 
uliainable by plotting the results of screen analyses. It is 
iluimed to be more reproducible than the size of mesh 
through which 100% of the sample passes, but other 
workers use the sieve which passes 100 % of the sample with 
fulr success. 

lt has been pointed out by Walker, Lewis, McAdams 
and Gilliland@3) and more recently by Coulson and 
Kichardson(4) that the various laws of comminution result 
ii energy relationships which can be derived from the 
expression 





dW/dd = —Cad" wsee (4.10) 
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which states that the change in diameter, and hence in 
specific surface, brought about by a unit of energy, is 4 
function of the particle diameter. 

If the index n is put equal to —2, and the equation 
integrated between the limits dy and d,, the expression 


W = C(1]dy —1/dy) .. Ci 


is obtained; this expression being identical with equation 
(4.4), and so is Rittinger’s law. 

Kick’s law may be derived by putting n equal to —1 in 
equation (4.10) and integrating between the same limit# 
as above, whereupon the expression - 


W = C log. do/ dy cee. (4.110) 
which is identical with equation (4.6a), is obtained. 


In the same way, insertion of n = —3/2 gives 
dW/dd = —Cd-3/2 


which when integrated between the same limits as pre» 
viously, gives 


W = 2C(1/d,1/2 — 1/do1/2) ...> ae 

or 
9C do2—d,12 a 
W = Gia, ae eeee (4.120) 
Bond’s law thus represents a condition between thos 
corresponding to the laws of Kick and Rittinger in rel 
tion to the energy necessary for crushing through a giver 
reduction ratio. 
It has been pointed out by Dobie“®) that if the energy 
Wp necessary to crush a material through a reductior 
ratio F& is written in the form. 


Wp = atb/dy .... (4 


where dy is the initial size of the material, then the laws 6 
Rittinger and Kick are contained therein. 
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‘Thus, 
Wp = b/do (Rittinger’s law) 


ancl Wp, =a (Kick’s law) 
fiivthermore Wp, = b/4/dy (Bond’s law) 


Since there is a reasonable amount of evidence that 
ltittinger’s law applies moderately well for fine grinding 
anc since Bond’s law is deduced from the results of 
jiuinerous test on real mills, it appears that, for fine grind- 
ji, it is necessary to have a law in which the work input, 
{,, (o bring about a given change in the reduction ratio, 
should be a function of the fineness of the material and, 
furthermore, W, should increase with increasing fineness. 
()n this basis Carey and Stairmand(® have suggested that, 
li order to provide a criterion for the performance of 
iiilling machinery, a crushing coefficient which increases 
with fineness and 1s related to the size distribution of the 
yarticles produced by the crushing is required. In this case 
the crushing coefficient is defined as the energy cor- 
Beponens to a given reduction ratio, and so corresponds 
li) Wp above. 

In order to obtain such a “‘crushing coefficient’, Carey 
auicl Stairmand made use of the similarity in frequency 
Witvibutions of crushed products and so developed the 
jwinciple of “associated energy”. 

- ‘lhe characteristic grading produced by free crushing is 
iermed a “‘natural’’ for the substance, and it was found 
int if the largest particle of a natural be crushed and 
added to the remainder of the distribution, the resulting 
yvading is again a “natural’’. By summating the energy 
required to crush from one natural grading to another 
smaller one, it is possible, by laboratory experiments, to 
nbinin the energy required for free crushing between 
fiiitural distributions of given maxima sizes. Thus, for 
example, ifit is assumed that a “natural” with a maximum 
jive of 1 metre represents zero associated energy, and it is 
found that the energy required for successive crushings to 
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produce a “natural” of maximum size 1 cmis 0-5 kWh /ton, 
and that a further addition of 0-2 kWh/ton produces 4 

“natural”’ with a maximum size of 1 mm; then the ener 
associated with a natural of 1 cm maximum size is 0) 
kWh/ton and the energy associated with a natural of | mm 
maximum size is 0:7 kWh/ton. 

In order to derive values for the associated energy, [ret 
crushing was effected by crushing between horizontal 
platens with a limited reduction ratio; a load versus deflecs 
tion curve being used in order to compute the energy inpu 
to the crusher. By use of the figures so obtained for 
associated energy, a figure for the mechanical efficiency of 
any grinding process may be obtained from the relation: 


ship. 
Mechanical efficiency of grinding 





Energy associated with product 
— Energy associated with feed 
Energy used by the mill 


In the absence of established laws of comminution, th 
methods of Bond and of Carey and Stairmand provide 
means of deriving a criterion of performance for mill 
machinery. The derivation of values for the associated 
energy or work index is tedious and the use of siey 
analyses for the size frequency determinations limits thi 
fineness of grinding to which the method can be applied 
but, nevertheless, these methods appear to form uselit 
bases for the design of crushing machinery. 

Turning now to the efforts which have been made ti 
establish the validity of the various laws of crushi 
experiment, it must be stated at oc e that much o 
work must be treated with reserve. The reason for 
caution is that the measurement of both the energy inpu 
to the crushing system and of the fineness characteristi 

! of the product are problems of the utmost difficulty. 
> Consider first the difficulties involved in the determir 
tion of the fineness of the crushed material. The use @ 
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sieves involves extrapolation of the grading curves into the 
jubsieve range and, since very high specific surface is asso- 
ciated with the smaller sizes, small errors in the extrapola- 
tion will give rise to large errors in the calculated surface 
af the product. ‘Theoretical difficulties also arise in this 
eonnection. Thus, for example, even if the external surface 
vould be determined with absolute accuracy, the existence 
ol internal surface within a particle of any real substance 
(ends, to some extent, to reduce the particle to an agegre- 
wate of smaller particles. ‘Thus it would appear that the sur- 
lace which should be measured is the external surface plus 
ie surface of any cracks which are sufficiently wide for. 
ile cohesive forces, between the two boundaries of the 
‘rack, to be effectively zero. Vana 
At first sight it would appear that a better approxima- 
lion to this true surface would be obtained by the use 
i! the adsorption method of surface measurement. Un- 
fortunately, however, the theory of the adsorption method 
is still in an incomplete state and in consequence no more 
ieliance may be placed upon the adsorption method, as an 
accurate measure of surface, than any other. Even if this 


were not the case, however, there still remains the question 
ol whether the adsorbed molecules wedge open narrow 
‘racks; and so whether adsorption methods assess surface 
which is not strictly free surface in the present sense. Thus, 
it must be admitted that no known methods exist, for the 


determination of the size or specific surface of the smaller | 


a ee ee 


Martin®? and by Gross and Zimmerly(8) is also open to 
(rilicism since, for example, it is known that a crystal 1s 
imsolved at different rates on faces parallel to and per- 
pendicular to the lattice planes. Hence, a figure for the 
Wiirlace area, based on the average rate of solution, without 
4 certain knowledge that the particles are geometrically 
‘imilar, is unreliable. 

Turning now to the measurement of the energy supplied 
i) the crushing process. It will at once be appreciated that 
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the energy to which reference is made in the equations ol 
comminution is the energy usefully expended in the frac: 
tion of the particle and not that which is in the crushin 
system as a whole. Consider, for example, the measures 
‘ment of the energy transferred to a single particle by a drop 
weight. The initial potential energy of the weight may he 
determined with considerable accuracy and, by the use of 
modern laboratory methods, the height of rebound of the 
hammer may also be determined. ‘Thus, the energy given up 
by the weight may be determined with adequate accuracy, 
The energy given up by the hammer is, however, in part 
converted to strain energy, and thence to heat, in part used 
to increase the surface energy of the powder, in part 16 
give kinetic energy to some of the particle, in part to sound 
energy and in part to “‘pelletizé® some of the product. If, 
however, this heat energy could be determined, then, as 
first approximation, the energy used to fracture the 
particle could be regarded as the difference between the 
energy given up by the weight and the heat energy 
jected. It is easily shown, however, that the determinatior 
of this quantity of heat is extremely difficult. Thus, if it 
assumed that the hammer weighs 10 lb and falls through, 
say, 3 ft, and also that the metal masses (hammer, anvil, 
etc.) which will be heated weigh 20 lb, then a simple cal 
culation shows that, if a// the potential energy were con 
verted to heat, the average temperature rise would he 
about 0-:05°F. Thus it is almost impossible to make a heat 
balance with worthwhile accuracy. For this reason, t 
analysis of the results of crushing tests are usually based 
on the assumption that the whole of the energy lost by the 
hammer is expended in fracture, but such an assumption | 
clearly of doubtful validity. 
A further complication is that it is possible that thi 
geometry of the system and the rate of loading of 
particle have, for a given energy density, some influeng 
on the fineness of the product obtained. 
With the drop-hammer apparatus, the energy, although 
available in the hammer, is apparently not effectively 
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i/unmilerred to the particle. Thus it would appear that the 
piety transfer process is, or can be, a controlling factor. 
‘his view is supported to some extent by the statement 
Wy tHall,@® that the Hadsel mill, in which ore is lifted and 
iin dropped on to steel plates, has a power consumption 
a t2 Wh/ton which “‘compares favourably with ball- 





jill consumption for feed of # in.” 





Fic. '4.5 


Tests upon quartz, by use of a drop hammer, carried 
Hut by Gross and Zimmerly(!8) show a linear relationship 
between the new surface produced and the energy input 
tuised on the energy lost by the hammer. These results are 
thown in Fig. 4.5. 
wong and Piret, using a drop-weight apparatus 
‘imilar to that of Gross and Zimmerly, also carried out 
‘rushing tests, but in this case the air permeability method 
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was used for the determination of the specific surface 
These workers also found a constant relationship between 
work input and surface produced for glass, fluorite and 
calcite, Fig. 4.6a, but, for salt, which is a softer mineral, & 
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non-linear relationship (Fig. 4.6b) was found. This resul 
indicates a decrease in the amount of surface formed, jy 
unit input of energy, for the larger values of specifig sui 

™. face. Plastic deformation of the salt crystals was suggest 
* as the reason for this. The work of Hiittig) is of interest i! 
this connection, since he suggests the presence of — 
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‘lond spectrum” to explain similar results obtained for 
iw grinding of salt in a ball mill. These results are also 
i accordance with the work of Smekal() mentioned 
previously. 

ln order to carry these investigations into still finer size 
janwes, Kwong and Piret(2)) made use of an adsorption 
i nique for specific surface measurement, with ethane as 
jie adsorbent. For the harder minerals, they found an 
liiwvease in the energy input per unit increase in surface 
wfeu for increasing fineness (Fig. 4.7) but claimed that 
this revealed no discrepancy with their previous work 


: 


New Surface —Cm*/Cm. 





100 200 300 
Net Energy Input —Kgm.Cm./Gm. 
Fic. 4.7 


jing permeability techniques, since the results were ex- 
jended into much finer size ranges. This work also shows 
jliat over the size range studied, the ratio of area by ad- 
Wrption to the area by permeability is fairly constant at 
whout 1-9-2-0. Work was also carried out on the slow 
jHmMpression crushing of particles, and in this case, the 
work input was measured by computing the area under 
{lie curve obtained by plotting the displacement of the 
‘rushing surfaces against the applied load. The results 
Vip. 4.8) show clearly that the ratio of new surface to 
fiiergy is greater for slow compression crushing than for 
Witipact crushing. This deviation between the results was 
plained tentatively by changes in the usage of energy in 
ppeated drops of the ball of the impact crusher. 
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_Ifit is assumed that the average stress concentration i 
the material is a function of the energy input for each drop 
of the ball, and that a critical stress concentration 1) 
_necessary for fracture to occur, then initially, in the droj 
weight crusher, the stress concentration in the bed is high, 
and therefore the energy is used efficiently. However, wit! 


SUCCESSIVE ee the effective energy input per drop dé 

creases by 40-50 %, due to the frictional losses between thie 

particles, and so the average stress concentration, and col 
OTOIMAT REE ov ae aa 

sequently the number ol iractures, decreases. 





Impact Crushing. 
(Curve of Fig.4-7. 
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The work of Axelson and Piret?©) is of particular inter 
in the study of crushing, since these workers have invewl 
gated the slow crushing of single polished and unpolishit 
quartz crystals. By use of a technique for energy inpi 
measurement similar to that described above, it was foun 
that the necessary stress for fracture lay between 9780 it 
900 kg/cm2, the natural crystals tending to have the lary 
stress for fracture. It was observed that although the sy 
face created is greater the greater the energy concentrat 
(kg cm/g), the surface created per untt energy input decren 

or increasing energy concentration, as shown in. 
The hypothesis used in order to explain these results 1s th 
when fracture occurred at low energy concentrations, 1] 
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yar ture was caused by high local stress concentrations at 
ielutively few points; the elastic deformation energy, which 
jeippears mostly as heat, is thus small compared with the 
suilace produced. When fracture occurs at high ener 

wnecentrations, however, fracture starts at a number of 
jis, since more points are at a high level of energy con- 
itution, and since the fracture at most points will 
‘iceed only a small distance before meeting a further 
jue of fracture a relatively high percentage of the elastic 
| ear as heat. [he efficiency of the process 
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i) therefore small compared with the process at low energy 
foncentrations. This indicates the importance of the 
iiternal structure on the crushing process, as previously 
Hiveussed. 

airs) also carried out experiments on crushing using 
die similar to that of Gross and Zimmerley.(®) 
He criticized the results of Kwong and Piret for impact 
‘¢rushing on the grounds that since, in that work, relatively 
tleep beds of particles were used, pelleting resulted; with, — 
_{Onsequently, departure from the free crushing conditions 


yhich ideally pertain in most types of crushing machinery. 
\Jiing the permeability technique tor surface measurement, 

































134 BALL, TUBE AND ROD MILLS 


linear relationships were found to exist between energy 
input and new surface area for Cumberland Barytey, 
North Wales limestone and Durham anhydrite. An 
adsorption technique, with krypton gas as the adsor 
bate, was also used to measure the total surface, but no 
evidence of a constant ratio between the surface hy 
adsorption and permeability was found; in fact the ratin 
was found to decrease with increasing fineness. 

The question of pelleting of the product, mentioned 
earlier, is of some interest since the researches of Bowden 
and Tabor?) show that impacted surfaces may become 
strongly welded together. Ifis evident that if this happen 
there will be a considerable Toss of surtace; with consde 
quent increase in particle size. 

Researches by Mackenzie and Milne?) show that the 
X-ray diffraction pattern of muscovite becomes more dil» 
fuse as grinding proceeds until, after 8 hours, no shaty 
pattern remains. After further grinding the pattern r¢ 
appears but has a different form to the original. ‘This result 
suggests the possibility of re-crystallization of thei 
materials and, SMOSH the evidence is not conclusive, It 
is Suggestive that the same phenomenon might occur iti 
the fine milling of other materials. a | 

Tithe work which has been discussed, in this chapter, il 
has been assumed, that.there isa similarity in the crushing 
pattern of materials comminuted by slow crushing and by 
blows of various magnitudes. However, none of {hie 
workers appears to have attempted to establish expert 
mentally the truth of the assumption. This raises th 
following question: If a given input of energy to a particl 
produces a given increase in surface and assuming, {0 
example, that an input of twice the energy produces twit 
the surface increase, then are the size frequency curves [6 
the two products similar, with the scale of particle si¥ 
changed, or is there no relationship between the product 
other than a two-to-one ratio of the increase in finenesil 

This question has been studied by Andreasen, 24) how 
ever, who has shown that the cumulative curves of th 
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are orthogona y affine, 


(1) The size distributions for the materials are geo- 
metrically similar. 
(2) The specific surfaces of a series of products vary 
inversely as the abscissae of the cumulative curve, 
for any specified value of the ordinate. 


A series of product curves for various porcelain cubes, 
i) determined by Andreason, are given in Fig. 4.10, and it 


Percentage Undersize. 


—e—e Pressure Crushing. 
—~o—o-— Impact Crushing. 
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Grain Slze-Mm. 
Fic. 4.10 
* For the present purpose it is only necessary to interpret ‘‘orthogonally 


apne as meaning that the curves can be broug tht into coincidence b a 
inble change of the independ Aria : 
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is seen at once that, for all practical purposes, these are 
orthogonally affine. These curves are also representative 
of curves obtained by tests on feldspar cubes, glass 
cylinders, etc., and so it may be stated that there is some 
experimental proof that geometrical similarity holds in 
the fracture pattern. The present authors, Rose and 
Sullivan, have, in the experiments on the crushing of glass 
spheres, also found that the product curves are, roughly, 
orthogonally affine and, in this respect, confirm the work 
of Andreasen. 
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Fracture Patterns According to Andreasen. 


Fic. 4.11 


Andreasen has also put forward a logical explanation 
for the existence of such similarity. Thus, in Fig. 4.1la ij 
shown the pattern obtained by the actual fracture of it 
cube and in Fig. 4.11b, an idealized fracture pattern which 
can be deduced from it. If it is assumed that the principal 
plane of failure is parallel to one of the diagonal planey, 
then it follows that the grain size of unity comprises 50" 
by volume of the material, the grain size of 4 compris 
25%, of } comprises 124% and so on. It is also clear thi 
the weight cumulative curve for such a product is 4 
straight line passing through the origin. Thus, ther 
appears to be a fundamental reason for the type of curv 
obtained by Andreasen. His work is also interesting in that 
the treatment leads, at once, to Kick’s law, and Andreasen 
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explains that the closer approximation to Rittinger’s law 
Which is obtained during fine grinding arises from a loss — 
ul elliciency of the mill when grinding finer particles, 

\n interesting point which emerges from the analysis of 
A\ndreasen’s drop-weight tests is that, for the larger cubes, 
ile agreement between the product size obtained, for 
jutne energy input, by slow crushing in a press and by drop 
weight, is very close. For the smaller cubes, however, the 
jrocluct size from slow crushing is in very close agreement 
with that calculated from the slow crushing of the large 
itihes, and hence with that obtained by impact crushing 
if the large cubes, but the product obtained by the impact 
(tushing of the small cubes is far too coarse, although the 
‘urves are still orthogonally affine. Since Andreasen used 
i lixed height of drop for the hammer, and hence a fixed 


velocity at impact, this result suggests that the crushin 
wocess is velocity dependent and that for true similarity — 
iti (rushing it 1s necessary tc and other character- — 
> particle to be in a definite relation to the 


Or 1 r Cc 
hg" amt Po eT Et 
y of 7 hammer. 


serena An Mas ne By ° . 
i¢ fair success of researches of Martin,(25) Rosin, 


Kummiler and Sperling, ®) and Miiller®? and others, into 
the possible existence of a general law of size distribution 
lur powdered materials also suggests the existence of a 
fundamental mechanism of comminution, but “‘laws’’ of 
yeneral application do not, at the present time, exist. 

Ihe complicated process of fracture and the lack of 
liamogeneity in the structure of the majority of materials 
lo be ground, particularly minerals, makes the develop- 
inont of a general relationship between size distribution, 
jive reduction and energy input extremely difficult. Thus 
ile process of deducing energy relationships is largely 
etipirical and related to particular conditions and types 
mf reduction machinery. 

he present position regarding the investigation of the 
laws of comminution can probably be fairly summed up 
ii follows. The problem involves extreme difficulty in the 
liinclamental measurements. In addition, apart from any 
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questions of the accuracy of the actual measurements, 
much of the existing work must be treated with reserve 
since it is generally impossible to differentiate between 
energy put in to the grinding system and that usefully 
expended in comminution. Many of the published results 
are further confused by the crushing of deep beds 6 
particles; there being no theoretically sound reason w 
the crushing of the particles in a bed should obey the sa 
rules as the crushing of a single parucle. 

In general, questions arising from imperfect nature ¢ 
individual crystals and the inhomogeneous nature of manly 
industrially important materials have not received th 
attention which the subject merits. The truth of the 
assumption of geometrical similarity between a particle 
and its progeny has not been adequately investigated. The 
laws of Rittinger and of Kick are possibly extremes, he: 
tween which most practical ideal crushing processes 
It is scarcely possible at present, however, to state 
conditions for one or other of these laws to be applicable 
nor is it possible to state, in any particular case, the law (@ 
which the actual grinding operation will approximate 
most closely. It appears fairly safe to say, however, tha 
coarse grinding will approximate more closely to Kick’) 
Cwatt grinding more nearly to Rittinger’s law, 

~The extent to which the design of a mill, and th 
physical dimensions of the crushing elements influence th 
crushing characteristics of a given material is uncertaill 
It appears that, in general, the efficiency of transfer ¢ 
energy to the particle falls with decreasing particle §i% 
and this factor alone makes the overall behaviour o 
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types of mill ‘approximate to the “Rittinger™” type of Taw 
even though re fundamental crushing process mig 
more nearly in accordance with a law of the “Kick” ty 

Finally, it may be said that the subject of comminuti 
offers a wide field for useful, interesting and fundament 


investigation. 


‘ 
- 
Jas. 
th 
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CHAPTER 5 


THE PROCESS OF GRINDING WITHIN 
A MILL 
















In the previous chapter, the various “laws” of comminu- 
tion which have been propounded have been studied in 
relation to the physical process of size reduction and to the 
available results of experiments into the fracture of homo+ 
geneous and heterogeneous materials by impact and by 
slow compression. In this study it is seen that no satise 
factory “law”? of comminution has yet been deduced but 
that a number of more or less empirical expressions are 
available for the guidance of the designer of crushing 
machinery. 

The present chapter will be devoted to a study of the 
process of grinding within a real mill. Since within & 
“tumbling” type of mill the size reduction can result from 
direct crushing, from shearing or abrasion between the 
particles in the feed, between the particles in the feed and 
the mill bodies or between the particles and the mill lining 
the process is much more complicated than in the case 6 
simple “‘free’? crushing conditions considered previously, 
In addition to this complication, however, the motion of 
the ball charge itself is extremely complex. Thus the precise 
mode of transfer of the energy to the crushing surfaces catix 
not be simply represented. 

For these reasons, a rigid theoretical analysis of the 
parameters involved in the milling process becomes im» 
practicable, and recourse is frequently made to pilot seal 
experiments in order to determine optimum milling 
conditions. Nevertheless, considerable experimental and 
theoretical work has been done on the crushing process If 
the “tumbling” mill, and it is desirable that these dala 
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jhould be analysed and an effort made to establish the 
extent to which the performance of a mill may be pre- 
ilicted from theoretical considerations. The experimental 
study of the performance of mills has, in general, been 
slong the following lines: 


(1) The energy relationships and theoretical efficiency 
of the ball mill from surface energy and thermo- 
dynamic considerations. 

(2) The size distribution of the product in relation to 
the mill parameters. 

(3) The rate of crushing in relation to the mill para- 
meters. 


Actually these three divisions are not independent since, 
(learly, if there is a definite relationship between the 
energy input to a particle and the change of surface area, 
or reduction ratio, it follows that a given mill, to which 
(he energy input is constant, will lead to a definite rate of 
crushing; the rate being a function of the relevant mill 
jurameters. In fact the increase in the surface area of the 
material, produced by the input of a unit of energy to the 
mill, is increasingly accepted as a criterion of performance 
lor fine milling operations. Without doubt this is due to the 
technological importance of specific surface in the sub- 
\ieve range, and to the establishment of reasonably satis- 
luctory techniques for specific surface measurements. It 1s 
lor this reason that Rittinger’s law, even though lacking a 
jound theoretical basis, is widely accepted as a basis for 
the calculation of the performance of such machines. 


Let us appy these ideas to the derivation of an equation 
lor the rate of grinding in a mill. It follows that if, as 
appears reasonable, the change of specific surface S$ 
em?/cm3’, within a mail depends uhow the ciamater GF tir 
mill, upon the ball diameter and upon the mean diameter 
of the particle, D, d and 6 respectively, upon the density of 
the balls and the pulp, o and o respectively, on gravity, g, 
on the speed of the mill N, upon u the diameter of the exit 


from the mill, upon £, the energy necessary to change the 
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surface of the material by unit amount and upon the para. 
meters J, U, V and Z, where J is the fraction of the mill 
volume occupied by the balls (or rods) and the space be» 
tween them, V the volume occupied by the powder (or 
pulp) charge, including voids expressed as a fraction of the 
volume between the balls (or rods), U is the ratio of solid 
volume to total volume of the pulp, and Z is the ratio of 
circulating load to the total load when closed cireuit 
- operation is considered, and clearly, S will depend on the 
time of milling, 7. 
Then we may write symbolically: 


S = $(D, d, b, 0, o, g, N, E, t, J,u, U,V, Z) .... (51) 


where, as before, ¢ denotes ‘‘a function of”’. 

The application of the principles of dimensional 
analysis, already illustrated in Chapter 3, leads to the 
following equation. 


oo = 22° (2). (8) (5) (ab 
(5), (2) Os (Z)| 


which, as before, may be written 


(8.D) = 4:(=°) -40( 5) -#6(5)-#4( Diva) -#o( 
< $a(2) -ba(J) -bo(U) -0(7) -410(Z) dual) 
h oa 


This equation (5.2), is the dimensionless equation giving 
the rate of production of specific surface in a tumblin . 
mill. | 

Purely theoretical considerations are insufficient to tak 
the analysis further, but, in practice, the various dimen« 
sionless relationships may be established by reference to 
experimental data. 
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Nclore proceeding with such an analysis of experimental 
ita, however, a digression will be made to introduce 
lnielly a theoretical treatment of the internal dynamics of 
ihe ball mill propounded by one of the present authors, 
Kove,“ This, as far as the writers know, is the only 
itlempt to deduce the general behaviour, including such 
{ictors as ball wear, from purely theoretical considerations. 
l'urthermore, this theory can best be studied in conjunc- 
iin with the analysis of the experimental results which is 





Fic. 5.1 


necessary for the evaluation of the above dimensionless 
equation. This theoretical treatment is of necessity ex- 
tremely tentative since the dynamics of a mill are of such 
complexity as to defy rigid analysis. Nevertheless, it is 
believed to form the basis of a more precise treatment. 

The basic idea underlying this treatment is that the 
whole behaviour of a ball mill depends on the probability 
of a particle arriving into a “zone of operation” between 
(wo balls, and on the probability of occurrence of some 
process when it arrives there. Outside this zone, no opera- 
lion, such as crushing or metal wear, which demands the 
(rapping of a particle between two balls can take place. 

I'rom Fig. 5.1 it follows that the zone of operation is a 
circular area of radius Y, where Y is given by 
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d\ d+b\2 d2 db_ 6? 
r+(5) - (=) ea a 


(db/2) te. (5.3) 


provided 6 is small compared with d; d and 5b being the 
diameter of the ball and of the particle respectively. 

Now the maximum number of particles, N,,,,, which can 
be in the operating zone are those which just form a ring 
around the contact point.* 
















or 


Thus, from equation (5.3), 
Qnr/(db/2\ = dNinax 


LV sens = 4 ‘3 (d/b)1/? . (5. 4) 
In fact the probable number N, of <a in i zone 


of operation is less than this; the maximum number occur= 
ring when there is an infinite number of particles in. the 
system. 

— Tt is suggested that a likely form of the probability fune- 


tion is given by 
¢(N) = l-e-“v .o+) ( 


and if it is assumed that about 40% of the maximum 
number of particles are present when the void space be» 
tween the balls is just filled, that is when V = 1, then 


N, = 4-5(d/b)4/2(1 — €-0-57) . (5.6) 


Thus, this equation. gives the probable nual of 
particles ; in the “zone of operation’’, in terms of the ba I 
diameter and the quantity of powder present in the m 

Consideration is then given to the equilibrium numbe 
of particles, N,, embedded in the surface of a ball and th 
is clearly given by 


or 


CRIT = ess om 


* The number would scarcely be expected to be proportional to the ar 
of the circle of radius Y, since a particle inside the circle automatic i 
relieves some of the others of load, but all of the particles in a ring could hb 
load 


— 








' . COX, OL iT = ws cll oleuitly oc = Tooeiyun 
\ 
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where N, is the number pressed in to the metal surface per 
init time and N, is the number of particles torn out per 


limit time. 
Certain plausible probability functions are derived for 
ihheve quantities and so an expression for the equilibrium 


number of particles embedded in the surface of a ball is 
ubtaimed; this expression including terms to cover the 
liarclness of the ball relative to the hardness of the particle. 

lt may then be stated that a relatively very soft particle 
will be crushed when trapped between 


(a) Two bare metal surfaces, 

(b) One bare surface and one surface ‘‘armoured” 
with embedded particles, 

(c) Two “armoured” surfaces, 


whereas a relatively very hard particle will be crushed 
only between two “armoured” surfaces (it will be pressed 
into an ““unarmoured” one) and probability functions to 
vover these possibilities are introduced. On the basis of 
ihese functions, expressions for the rates of milling, in 
lerms of the various mill parameters, are deduced. 
Similarly it may be deduced that metal wear will occur 
when, during relative sliding motion between a pair of 
lulls, the “armoured” portion of the surface of one ball 
iraverses the “‘unarmoured” portion of the surface of the 
ieighbouring ball. From a knowledge of the equilibrium 
iittinber of particles embedded in the surface of a ball the 
probability of such “armoured” to ““Sunarmoured”’ contact 
i computed and expressions tor metal wear deduced. 

‘The analysis leads to extremely complex expressions for 
ihe rate of crushing; expressions which do not lend them- 
ielves to a general form of solution. For the two boundary 
conditions, in which the particles are either very hard or 
very soft compared with the balls, however, the equations, 
under certain assumptions, become tractable and the 
solution for these two conditions can be written in the 
lorm 





Se = Kt cove (58) 





W|\-P 
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where S'is the specific surface of the particles, K is a cone 
stant, and a is i for very soft materials and 4:5 for very 
hard materials; all other cases falling between these two 
conditions. 

It is interesting to note that the case in which a=4 cor 
responds to the ‘“‘Bond Law of Comminution’’ discussed 
previously. Furthermore, for some intermediate hardness 
there is an approximately (but not strictly) linear relation« 


Sgt 
—e 
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Dolomite, 





20 


Specific Surface Per Unit Time. 





2-0 30 
Ball Diameter — Ins. ) b 
Fic. 5.2 


ship between the increase in specific surface and the mils 
ling time. 4 
The analysis also reveals that the rate of grindin 
Sims ball size; the™ it aor Semnee 
‘brought about by a given reduction of size being greater 
with soft material. This result is clearly confirmed by 
Fig. 5.2, in which results of tests by Coghill and Devaney! 
on chert and dolomite, these materials having hardnessea 
in the ratio of about 3 to 1, are plotted. 
Analysis of the fineness of grind i in relation to the powder 
charge reveals that within limits, the fineness of grinding 
can be increased by reduction of the amount of powder in the 


’ | 
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mill; all other variables being held constant; a maximum 
ling reached when the powder about fills one-tenth of 
the space between the balls. When a soft material is being 
wround, however, this effect is much less marked and also 
(lie maximum is reached when the powder occupies about 
one-half of the space between the balls. The analysis also 
jiows that the wear on the surfaces of the balls and mill is 
4 (inction of the quantity of powder present; this function 
reaching a maximum when about one-tenth of the space 
lietween the balls is filled and thereafter decreasing rapidly. 

()ne further matter of interest arises in connection with 
ile concept of a “zone of operation” in the ball mill. Tt 
lollows from equation (5.3), that the radius of the zone 
varies as the square root of the particle diameter. Other 
ihings being equal, therefore, there is a definitel reduced 
probability of the smaller particle entering the zone of 


\peration and, consequently, a preferential grinding of the 
larger particles woul be expected; Soe of course 
ihut the particles are neither so big in relation to the ball 
size that they are expelled from = wedge-shaped space 
hetween the balls nor that the balls contain insufficient 
energy for the fracture of the particles. In fact, the 
"\pecific grinding characteristics’ deduced by Theimer 
ancl Moser®) show a marked tendency in agreement with 
these conclusions. This preferential grinding would also 
juggrest that the size distribution of the material after 
wrinding would not be geometrically similar to that 
initially, but that a “‘tail’’ initially on the right-hand side 
of the curve would be reduced; this geometrical similarity 
between mill feed and product would not be expected. 

l'rom this theoretical treatment the following tentative 
vonclusions emerge. 

(1) ‘The processes occurring in a ball mill are controlled 
ly the probability of particles entering a “zone of opera- 
(ion’’ between two balls and by the probability of occur- 
rence of some process after they have entered the zone. 

(2) The rate of grinding of the powder is a function of 
the quantity of powder in the space between the balls and 
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this function reaches a maximum value when this space is 
approximately full. 

(3) The fineness of grinding attained by a hard 
material in a given time of grinding increases rapidly as 
the quantity of powder between the balls is decreased; a 
maximum being reached when the powder fills approxi» 
mately one-tenth of the space between the balls. When a 
soft material is being ground, however, this effect is much 
less marked and also the maximum is reached when the 
powder occupies about one-half of the space between the 
balls. 

(4) The law giving the change of surface with time of 
grinding is of very complicated form and includes terms 
depending upon the hardness of the material undergoing 
grinding. 

(5) The reduced probability of the smaller particle 
entering the grinding area would suggest that there ig a 
preferential grinding of the larger particles. Thus it would 
follow that the size distribution curve of the material after 
grinding would not be geometrically similar to that 
initially, but that any ‘“‘tail”’ initially to the right-hand 
end of the curve would be reduced; the negative slope of 
the curve thus being increased. 

(6) The wear of the ball surfaces is a function of the 
equilibrium number of particles pressed into the surfaces 
and this number depends upon the relative hardness of 
the balls and of the particle. Thus it follows from the 
treatment, that there exists the possibility that soft bally 
will wear less than hard ones; since soft balls might 
acquire an artificial “‘hard”’ surface by reason of the hard 
particles embedded in the surface of the metal. This is in 
accordance with the practical observations of Engels, 
who states that the bodies of mills for grinding soft material 
should be hard whereas the bodies of mills for grinding 
hard materials should be soft. | 

(7) The wear on the surfaces of the balls and mill is 
function of the quantity of powder present, this function 
reaching a maximum when approximately one-tenth al 
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ihe "pace between the balls is filled, and thereafter de- 
creasing rapidly. 

The general validity of these conclusions will be dis- 
iiimecd later in this chapter in connection with the study 
if the results of grinding tests. 

Kkeverting now to the study of the grinding tests by use 
ii! the dimensionless equation (5.2), it is found that Gross©) 
liny wiven figures for the values of “‘Rittinger’s Constant”’ 
lit galena, sphalerite, pyrite and calcite, as determined by 


1800 





tite Of a laboratory ball mill, run under specified condi- 
lions, and also figures for the Rittinger’s constant as 
iletermined by the use of a drop-weight apparatus. 

Clearly, since, as follows from the treatment of Chapter 
/, the power to drive the mill is sensibly constant, the 
value of Rittinger’s constant for the mill is proportional 
io the increase of specific surfaces, S. Furthermore, the 
drop-weight figures for energy per unit increase in specific 
jurface is directly proportional to E, so when the Rit- 
linger’s constant for the mill is plotted against the results 
of the drop weight test a curve of S plotted against 1/E 
lor the mill is obtained. 

This is done in Fig. 5.3 and a sensibly straight line is 
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obtained; thus it follows that the functional relationship 
(S.D) = $1(DgQ/E) 

is, in fact, a direct proportionality or 
(S.D) = K(D2go0/E) ..e. 


This relationship is for a batch mill grinding a single 
material. 
This expression can, however, be written as 


($.D) = K(D4go.1/D2E) .... (5.10) 





2 4 6 8 
Specific Cravity Of Crinding Media.-p, 
Fic. 5.4 


where D4ge is the potential energy in the rods and D& 
is the energy associated with the powder, and a further 
check made on this relationship since, in a given mill, | 
increase in surface, S, per unit time will be pro portional 
to the density of the grinding bodies, 

Coghill and Devaney, ® have given the results (Table 4; ) 
for the grinding of chert in a rod mill, in which the den: 
of the rods is varied and these results are plotted in Fig. 5.4, 
It is at once seen that the two quantities are almost exactly 
proportional, as required by equation (5.10). If th 
deviation from linearity is assumed to arise by reason ¢ 
the existence of the group ¢,(0/c), then this relationshi 
may be computed. The relationship ¢g(@/c) so determingd 
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iW plotted in Fig. 5.5, and it is seen that the influence of 
ihis group is not large and it appears probable that the 
iliflerence arises from the reduced efficiency of crushing 
ult high energy densities, which has been discussed in the 
jrevious chapter. These relationships are still further con- 
lirmecd, however, by the results of comparative tests, car- 
ried out by Coghill and Devaney, in which chert and 
ilolomite are ground by use of balls and pebbles (Table 
41), ‘These results are summarized in Table 5.1, and it is 
seen that the agreement is good. 





1-O 
~ | 
2N 
Vv 
oO 
~o- 
Oo ( (P/o) 2 3 
Fic. 5.5 
TABLE 5.1 
Material Density Increase in Ratio of | Ratio for 
(g/cm) surface per hour surface o=78 
increase and 
Balls | Pebbles| Balls | Pebbles hour @ = 2:7 







From Fig. 
| (564 


(ihert | 7° 
Volomite 7: 


‘The function given in Fig. 5.5 1s probably not highly 
accurate, since it has been derived from a combination of 
results for tests on drop-weight crushing, on a ball mill 
and on a rod mill, but it is of value in that it indicates the 
trends which may be expected to exist. 

This treatment leads to the interesting idea that, for a 


is given by ae 
aig 


Density Of Crinding Media=p 


Ee = cLerecity <f. La th Sf cag Ureclto, 
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given material to be ground there possibly exists an 
optimum density of material for the grinding material. 
Thus, from Chapter 3, the power P to rotate a ball mill 


F (1 +0-4a/0) 
= 0 +0-40 =K. (e+0-45) (5.11) 
Also, from Fig. 5.4 


S/t oc 500 — 0? oes 


3%, 6 
Density Of Powder. o’- Gm/cm3 
Fic. 5.6 








Thus, specific surface increase per horse-power-hour, 
17 Re 
S oc 900 — 0? 
Pt = 0+0:40 


On differentiating with respect to 9, equating to zero an 
simplifying, 


. (5.18) 





0? + 0-800 —200 = 0 

or . 
@ = —0-40+4/(0-01602+20c) .... (5.14 

From this equation the optimum values of density ¢ 
balls, for grinding materials of various densities, are caleu 
lated and these figures are plotted in Fig. 5.6. . 
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ln the same figure is also shown the corresponding 
curve for a rod mill; and it is seen that the same general 
lorm of relationship holds. 

‘hese curves are not of great practical importance since 
ile types of materials suitable for grinding bodies are very 
limited, and so the range of densities available 1s re- 
Wricted. 

The curves do show, however, that the use of lumps of 
ive as grinding bodies is a practice which, at least on 
rounds of: es efficiency, cannot be recommended. 


ee am 2 | 


The next pair of groups which may well be studied are 





,(d/D) and ¢3(5/D) and these are most conveniently con- 
idered together. From Table 32 of the work of Gross the 
value of Rittinger’s constant for various diameters of ball, 
in « mill of specified size, is given. Since the diameters of 
mill and balls are known a curve of Rittinger’s constant 
upainst (d/D), Fig. 5.7, may be plotted; this curve being 
equivalent to a curve of ¢.(d/D) plotted against (d/D). 
Vhe variation shown, however, arises in part from the 
variation of (6/d) which occurs with the change of ball size; 
(liis variation arising from the use of the same feed material 
lor cach ball size. 

Coghill and Devaney, however, give sufficient data, in 
Tables 27 and 28 of their work, for these effects to be 
ie parated, and the basic data from these tables are plotted 





Oo 
3 % % 
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in Fig. 5.8; a base of d/D being used since, again, the ball 
ilinmeter and the mill diameter are known. Since the time 
of grinding is comparatively short, it is assumed that the 
wifective particle diameter is the average of the mean 
particle size of the feed and of the product; the mean 
purticle size of the feed and product being assumed to be 
the sieve size which passes (or retains) 50% of the sample. 
()n this basis the data of Table 5.2 may be calculated. 

If now the curves of Fig. 5.8 are studied, it will be 
ioticed that the curves are similar in form and that they 
may be brought into coincidence by: 


(1) Multiplying the abscissae of each curve by a suit- 
able constant, such that the maxima are brought on 
to the same vertical line; this constant being related 
to the mean particle size of the material to which 
the curve relates. 

(2) Multiplying the ordinates by a suitable factor. 


Examination will show that the curves are brought into 
horizontal coincidence by multiplying the value of (d/D) 
hy (D/b)1/2 and this product, after squaring, becomes 
@r/Db which may be treated as the new independent 
variable. This may be regarded as a correction to the (d/D) 
term to allow for the effect of the ratio (4/D) upon the 
effect of this term. 

When the data are plotted for the dolomite and chert 
in this way, as in Fig. 5.9, good horizontal coincidence is 
obtained. (The root scale of this diagram is used merely to 
enlarge the scale for low values.) It will also be noticed 
(lat the maxima for these materials occur at, as closely as 
cun be expected, d?/Db=2-00 (=1-422) for the dolomite 
and 2:56 (=1-602) for the chert. 

Since the mill is 19 in. diameter, these values give the 
equations: 


d2 = 38-06 for dolomite 
and Mees Gs) 


d2 = 48-55 for chert 
AVENE 
al z= Va8-s Vb 
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@— -65 Mesh. 
© — -35 Mesh, 
@©@-— -20 Mesh. 


a— -I|4 Mesh. 
A— —-!O Mesh. 
Upper Series — Dolomite, 

Lower Series — Chert 


Rate Of Increase Of Specific Surface 








for the optimum size of balls, in terms of particle 
Is shou € compared with the expressions 
d2 = 356 for dolomite 
cee V5 d? = 556 for chert } ++ (Oa 


given by Coghill and Devaney, and it is seen that th 
agreement is satisfactory. These formulae are also simil 
to those developed by Starke. 

If now the ordinates of the curves of Fig. 5.9, for any 
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ipecified value of (d?/Db), are plotted against the cor- 
responding values of (6/D), the curves of Fig. 5.10 are 
obtained. 

Again it will be seen that the curves may be brought 
into almost perfect coincidence by multiplying the 
ordinate for chert by 2-8 and, as a confirmation of the 
accuracy of the treatment, this is almost exactly the ratio 
of the rates of milling obtained from the independent 
lewis, making use of balls and pebbles, summarized in 





Fic. 5.10 


Table 5.1. It will, however, be remembered that £ for 
chert is about 2:8 to 3-0 times that for dolomite, and it 
will also be noticed that 31/3 x 38=55 which is in fair 
Agreement with equation (5.15). This will at once suggest 
that the curves of Fig. 5.10 will be brought into even 
better agreement if the quantity d2/Db is multiplied by 
(£)!/8, However, since in the present work chert is taken 
ns of unit hardness, this result is best expressed as 
(d2/Db)(E,/E)'/3, where E, is the value of E for chert. 
This quantity is then used as the complete independent 
variable. 
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ill! 
1 TABLE 5.2 
2. DOLOMITE 
Feed | Ball | Mean Mean Mean b a b Increast 
mesh! size | feed | product! particle a D D in surface 
size size size | per 
in.) | (in.) (in.) (in.) minute 
0-0098 | 0-0089 | 0-0094 | 0-0034 | 0-145 | 0-00050 ) 
0-0098 | 0-0085 | 0:0092 | 0-0046 | 0-105 | 0-00048 36:0 
; 0:0098 | 0-0079 | 0-0089 | 0-0065 | 0-072 | 0-00047 42:8 
’ 0-0098 | 0:0072 | 0-0085 | 0-0085 | 0-052 | 0-00045 50:0 
, 0-0098 | 0-0071 | 0-0085 | 0-0113 | 0-039 | 0:00045 57:5 
; 0:0098 | 0-0070 | 0-0084 | 0-0138 | 0-032 | 0-00045 606 
75 | 0-0210 | 0-0140 | 0-0175 | 0-0063 | 0-145 | 0-00093 35-0) 
- 19. 00210 | 0-0138 | 0-0174 | 0-0087 | 0-105/0-00092| 43-8 
0-0210 | 0-0138 | 0-0174 | 0-0127 | 0-072 | 0-00092 57-0 
0-0210 | 0-0134 | 0-0172 | 0-0172 | 0-052 | 0-00092 67: 
0-0210 | 0-0126 | 0-0168 | 0-0225 | 0-039 | 0-00089 1): 
0-0210 | 0-0146 | 0-0178 | 0-0285 | 0-032 | 0-00094 “ 
: 0-0400 | 0-0156 | 0-0278 | 0-0101 | 0-145 | 0-00147 35-8 
; 0-0400 | 0-0119 | 0-0258 | 0-0129 | 0-105 | 0-:00135 47-0 
0:0400 | 0:0126 | 0:0263 | 0-0191 | 0-072 | 0-00139 54.8 
0-0400 | 0-0109 | 0-0255 | 0-0255 | 0-052 | 0-00134 
0: 0:0400 | 0-0145 | 0-0272 | 0-0362 | 0-039 | 0-:00144 
0-:0400 | 0-0301 | 0-0350 | 0-0565 | 0-032 | 0-00185 
0:0480 | 0-0152 | 0-0316 | 0:0115 | 0-145 | 0-00167 | 
; 0-0480 | 0-0151 | 0-0315 | 0-0158 | 0-105 | 0-00167 | 
, 0-0480 | 0-0186 | 0-0333 | 0-0240 | 0-072 | 0-00175 
0-0480 | 0-0166 | 0-0326 | 0-0326 | 0-052 | 0-00171 
r0- 0:0480 | 0:0329 | 0-0405 | 0-0540 | 1-039 | 0-00210 
0-0690 | 0-0226 | 0-0406 | 0-0167 | 0-145 | 0-00240 
0-0690 | 0-0232 | 0-0460 | 0-0230 | 0-105 | 0-00240 
: 0-0690 | 0-0230 | 0:0460 | 0-0330 | 0-072 | 0-00240 
0-0690 | 0-0286 | 0-0488 | 0-0488 | 0-052 | 0-00258 





ao 







































| Thus, the functional relationships (d/D) and (b/D) m 
; be summarized into the two curves of Fig. 5.11 and 

7) Fig. 5.12; where Fig. 5.11 consists of the curves of Fig, 
y 5.10 brought i into coincidence by multiplying the ordinates 
of the curve for chert by 2-8 and then plotting the ro : 

ah on a scale such that the vertex gives 100%, a 


cle ciinuete, A 
\ 44 t 


ie 
D: 
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CHERT 
Verd| Ball} Mean | Mean | Mean b Increase 
wiah| alze | feed | product | particle d in surface 
size size size per 
({m.) | (in.) (in.) (in.) minute 





i) | 2:75 | 0-0098 | 0-0075 | 0-0086 ; 0-0031 | 0-145 | 0-:000455 l 
2:0 | 00098 | 0-0075 | 0-0086 | 0-0043 | 0-105 | 0-:000455 l 

38 | 0-0098 | 0-0071 | 0-0084 / 0-0061 | 0-072 | 0-:000440 I 
¢ 0-0098 | 0-0070 | 0-0084 | 0-0084 | 0-052 | 0:000440 2 
ts 


|: 
! 
~| 075 | 0-:0098 | 0-0070 | 0:0084 | 0-0113 | 0-039 | 0-:000440 
0-62 | 0-0098 | 0-0074 | 0-0086 | 0-0139 | 0-032 | 0000455 | 20-6 
)) | 2:75 | 00184 |; 0-0122 | 0-0153 | 0-0056 | 0-145 | 0-00081 15+1 
2:0 | 0-0184 | 0-0116 | 0-0150 | 0-0075 | 0-105 | 0:00078 18-7: 
1:38 | 0:0184 | 0-0108 | 0-0146 | 0-0106 | 0-072 | 0:00077 20-9 
»| 1:0 | 0-0184 |; 0-0109 | 0-0146 | 0-0146 | 0-052 | 0-00077 23:0 
75 | 00184 | 0-0107 | 0-0145 | 0-0193 | 0-039 | 0-00076 22-7 
0-62 | 0:0184 | 0-0132 | 00156 | 0-0252 | 0-032 | 0-00082 18-3 
4) | 2:75 | 0-0374 | 0:0142 | 0:0258 | 0-0094 | 0-145 | 0-00134 14-4 
2:0 | 00374 | 0-0138 | 0-:0256 | 0:0128 | 0-105 | 0-00135 16-4 
»| 1:38 | 0:0374 | 00138 | 0-0256 | 0:0185 | 0-072 | 0:00135 19-3 
1-0 | 00374 | 0-0142 | 0-0258 | 0-0258 | 0-052 | 0-00136 18-4 
0:75 | 0-:0374 | 0:0174 | 0-0274 | 0-0365 | 0-039 | 0-00145 17:4 
0:62 | 0-0374 | 0-0285 | 0-0329 | 0-0530 | 0-032 | 0-00171 12:4 
1) | 2:75 |} 0-0700 | 0-0328 | 0-0514 | 0-0187 | 0-145 | 0-00272 | 13-4 
2:0 | 0-0700 | 0-0390 | 0-0545 | 0-0272 | 0-105 | 0:00286 13-3 
®| 1:38 | 0-0700 | 0-0512 | 0-0606 | 0-0441 | 0-072 | 0-00320 15:7 
10 | 0-0700 | 0-0530 | 0-0615 | 0-0615 | 0-052 | 0-:00325 15:7 
0-75 ) 0-0700 | 0-0622 | 0-0661 | 0-0885 | 0-029 | 0-00350 11-4 





Fig. 5.12 is the resulting curve when the data of Fig. 5.9 
are brought into coincidence by the use of the curve of 
Vig. 5.11, the resulting curve being plotted on a per- 
centage scale. 

Consider now the form of the curve Fig. 5.12. For a 
given size mill and particle, but with an extremel _smal 






all, | ill be low; since the will not 
contain sufficient € energy to produce much new surface. 
With increasing ball size, however, the rate of grinding 
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will increase since the increased energy will bring about 
increased surface production per blow. This gain is in part 
ollket by the decreasing number of balls, and so blows, 
with increasing ball size but, nevertheless, the result is an 
lnierease in rate of grinding. When the balls have reached 
a size such that there is sufficient energy to crush prac- aes prac- 
licully any particle which presents itself then, theoretica y; 
(ietate of grinding "would remain constant ames The 
«nergy produced by an impact of a ball is proportional to 
the cube of the ball diameter, d3, whilst the number of 
iipacts, per unit time, varies as the number of balls, that 
id, Varies inversely as the cube of the ball diameter, that j 1S, 
irectly as 1/d3. 
Thus 
S/t oc d3(1/d3) 
= constant wala, (OMe 


When the balls are excessively large, however, the rate 

ol wrinding decreases since, aS ex lained in Cha ter 4, the 
amended 

Seduction of surface p t d h 





! of surface | y decreases wit 

ry high energy densities and also the e iciency of the 
ilaw is Impaired when the balls are unduly large in rela- 
‘ion to the mill size. Thus, the falling branch of the curve 
in obtained. (In fact this reduction is over-emphasized by 
the use of the root scale; on a natural scale the decrease is 
much more gradual.) F urthermore, as the ball diameter 
increases, the number of particles which may be trapped, 
iit a point of contact, is increased and since an impact 
which contains enough energy to crush a single particle 
does not necessarily contain enough to crush two, and so 
on; this cause in itself can result in a reduced rate of 
grinding. 

Thus several causes operate to reduce the rate of grind- 
Ing with excessive ball size and this is exactly what has 
heen found by experiment. It is interesting to note that 
the results of Gross, Fig. 5.7, are in close agreement with 
those deduced from the work of Coghill and Devaney, 
since a suitable change of the scale ratios will bring the 





, N 2 T 
jMjpoace, = oJethuowo). 
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curve of Fig. 5.7 into extremely close agreement with that 
of Fig. 5.12. 

Turning now to Fig. 5.11; if the ratio of (d/D) is con- 
stant then in fact (4/D) is directly proportional to (b/d); 
the ratio of particle diameter to ball diameter. It follows 
from equation (5.3) and the explanation given earliég 
however, that the number of particles which would 
crushed between two balls is given by the expression 


Na Jf . Ga 


when 4 is small compared with d. 

Thus, for the initial part of the curve, the rate of grinds 
ing would be expected to vary as the square root of the 
particle diameter and, in fact, this part of the curve of 
Fig. 5.11 coincides closely with such a relationship. As the 
particle size increases, however, the angle a, Fig. 5.1, 
increases until, at a certain critical particle size the 
particle is expelled from between the balls; because the 
frictional forces are insufficient to hold it in place. Clearly, 
when this condition is reached the particles are expelled, 
instead of crushed, and the rate of grinding should, 
ideally, fall to zero. Since in practice, however, the pars 
ticles have a range of sizes and the ball surfaces are not 
perfectly smooth, the curve shows a steady decrease in 
grinding rate, instead of a sudden drop to zero. 

This view can, to some extent, be confirmed as follows. 
For the maximum, at which projection commences, 
(b/d) =0-00075. Assuming this condition also coincides 
with the maximum of the curve of Fig. 5.12, (d2/Dd) = 
or (d/D)2=2x0-00075. Thus ¢/D=0-04 and so (b/d) 
=0-00075/0-04~ 0-02. 

Thus, cos «=d/1:02d=0-98 or a=11° 30’ approx. Also 
a study of the forces acting on the particle shows that the 
coefficient of friction, uw, is given by w=tan a or u~0:2; 
this value being quite as close to the value which would be 
expected as can reasonably be hoped. 

The influence of the ratio of rod diameter to mill dia- 
meter on the rate of grinding for a rod mill may now well 
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be considered, and in Fig. 5.13 are given curves of the rate 
of surface production related to (d/D) ratio, based upon 
lable 11 of the work of Coghill and Devaney. Although 
ile data on the point are limited, it appears that the rate 
ol grinding increases steadily with the diameter of the rod 
und for large rods becomes sensibly constant. This result 
ls not surprising, however, since the rods act as crushing 
rolls, and all the particles have to pass between the crush- 
ing surfaces. Thus, the probability of trapping a particle is 
not such an important variable as with balls as the grind- 


Rod Mill— Open Circuit 
—N ia Ly - = a 
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ing media. Clearly, thus, the rate of grinding will increase 
initially, after which the increased production per impact 
is offset by the reduced number of impacts per unit time; 
this leading to a constant rate of grinding, as suggested for 
the ball mill. 

In all cases the production of specific surface would be 
expected to be directly proportional to the time of grinding 
ind so it follows that 


$5(g2/D) = (g?/D)? -++. (5,19) 


Finally, there is the question of how the rate of grinding 
varies with the group (g/DN2®); that is, from Chapter 3, 
with (N/N,). 
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In Fig. 5.14 1s given the values of Rittinger’s constant, 
at various speeds, as determined by Gross for batch 
milling a dry powder. From this curve it is seen that the 
value of Rittinger’s constant, which is proportional to the 
rate of increase of surface of the powder, varies almost 
directly with the mill speed. Theoretically, the charge 
would centrifuge at V/N,=1-0 and, since there can then 
be no grinding, the curve should theoretically drop to 
zero along a line coincident with the line N/N,=1-0. In 


Rittingers Constant. 


Data Of Cross. 
Ball Mill—Ory Crinding. 
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practice, since there is slip between the mill shell and 
charge, the charge does not centrifuge at N/N,=1-0, but 
the operation takes place progressively over a range of 
speed. Thus, the curve would be expected to gradually 
fall to zero for speeds of rotation greater than the critical. 

In Fig. 5.15 are given the results of tests, by Coghill and 
Devaney, on a rod mill wet-grinding chert on open circuit. 
In this case the rate of grinding falls rapidly for speeds in 
excess of about 65 % of the critical; this result being in con- 
trast with that for dry milling, just quoted, in which no 
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such fall occurs. ‘This decrease in the rate of grinding at 
lish speeds of rotation, when wet-grinding, would be ex- 
pected. ‘Thus, for a very wet pulp or for a dry powder, 
(here would be no appreciable cohesion of the powder 
‘harge and so centrifuging of the grinding media would 
le uninfluenced by the presence of the pulp and would 
occur at, practically, the critical speed. 

A moderately dry pulp would, however, exhibit con- 
siderable cohesive strength and so the balls would tend to 
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adhere to the mill shell. For very cohesive pulps, the 
adhesion might be sufficient to allow a considerable por- 
tion of the charge to be carried around with the shell, even 
when the actual speed of rotation is considerably below 
the critical. This explanation is sufficient to account com- 
pletely for the observed results. In fact this phenomenon is 
frequently observed in ball mills used to mix the pigment 
into the liquid vehicle in the manufacture of paint. 
Similar results for tests on ball mills are shown in Fig. 5.16, 
and it 1s seen that curves of the type shown in Fig. 5.15 
lit the experimental points well. 
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‘These results can be summarized in a curve of the form 
of Fig. 5.17; this curve giving ¢4(N/N,) in terms of 
(N/N,) and the pulp composition. Unfortunately there are 
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insufficient data for the effect of pulp composition to be 
fully evaluated but linear interpolation between the curves 
of Fig. 5.17 is probably sufficient for most purposes; 
especially as but few mills run at much above about 75% 
of the critical speed. 

It will be noticed that in Fig. 5.15 the increase of specific 
wurface per unit contact time is plotted for the continuous 
circuit operation and that when plotted on this basis the 
curves correspond with those for batch mills. Thus it 
lollows that if the surface produced per unit contact time 
ii used, a direct comparison between batch milling and 
continuous milling is obtained. Doubtless this is the basis 
lor the statement, often made without proof, that the per- 
formance of continuous mills may be predicted from tests 
on batch mills provided that, in the case of the continuous 
operation, the actual contact time is used. 

Considering now the mill filling parameter ¢,(J/), results 
based upon tests by Gross (Table 32) and Coghill and 
Devaney (Table 19) are given in Fig. 5.18, the former for 
hatch milling and the latter for open-circuit milling. It 1s 
ut once seen that a simple change of ordinate will bring 
these independent curves into coincidence; and, since the 
total surface, S,, 1s given by Sx VJ, these results may be 
veneralized into the curve of Fig. 5.19, for ¢,( J). These 
curves are of the form which would be expected since, 
with no balls present (J=0) there would be no appreci- 
able grinding. Similarly, when the mill is packed full with 
balls (J=100°%) there can be no ball motion and so no 
vrinding. In between these values the rate of grinding 
must attain a maximum. Furthermore, for small ball 
fillings the rate of grinding increases almost directly with 
the ball charge and this would be expected since the 
probability of impact increases with the number of balls.* 

The next variable which may well be studied is the 
effect of the variation of the fraction of the void space 


* A ball can only collide with its immediate neighbours, and so, per unit 
time, the probability of collision is not the probability of collision of a given 
all with every other ball in the mill. 
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between the balls which is occupied by solid particles, 
that is the function ¢9(V). In Fig. 5.20 are plotted the 
results of a number of tests by Coghill and Devaney 
(lables 9, 13 and 14) for ball and rod mills grinding 
various materials at various speeds; the results being cor- 
related by the elimination of the effects of critical speed 
by the use of a multiplicative factor, and again the agree- 
inent 1s satisfactory. 





Ratio -V. 
Fic. 5.20 


When these results are plotted on a basis comparable 
with the theoretical curves as deduced from the theory of 
Rose, explained earlier, Fig. 5.2la, it is seen that the 
experimental curves have the same form as the theoretical 
ones, shown in Fig. 5.21b. The theoretical curves are cal- 
culated for materials of zero and infinite hardness, and 
the curves for real materials show intermediate character- 
istics, as would be expected. Furthermore, when curves 
of total surface change per unit time, Fig. 5.22a, are plotted 
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und compared with those calculated theoretically, Fig. 
),22b, the agreement in form is again seen to be reasonably 
wood. 

Thus these results support the general validity of the 
\heoretical treatment proposed by Rose; this treatment 
being, as far as is known, the only one so far proposed by 
which the effect of the mill parameters has been deduced 
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from theoretical considerations. Until a theory is sufhi- 
ciently developed, however, to allow the calculation of 
this function from the basic physical data, the curve of 
lig. 5.2lc probably gives the value of ¢9(V) with an 
accuracy sufficient for design purposes. 

The question of the effect of the consistency of the pulp 
$s(U) would appear to be, at least as a first approxima- 
lion, one which is fairly easily treated. However, the 
published data relating to this variable are in fact so 
conflicting as to render impossible the drawing of firm 
conclusions. 
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When grinding a pulp, a mill may, ideally, be operated 
in accordance with either of two limiting cases; one in 
which the pulp just fills the space between the balls and 
the other in which the solzd material in the pulp just fills that 
space. In addition there are an unlimited number of other 
possibilities, in which neither of these conditions are 
observed, and it is probably the great number of possible 
conditions of operation which lead to the inconclusive 
nature of the experimental evidence on this variable. 
From other evidence, however, it is possible to draw 
tentative conclusions which are possibly of value until 
sound experimental evidence is available. 

In the first place, if the mill is operated in such a way 
that the space between the balls is just filled with pulp, 
then clearly a reduction in the solid content will reduce 
the quantity of powder present and, at least to a first 
approximation, have the same effect as the variation of the 
parameter V discussed earlier. ‘Thus, for this case, it would 
be expected that an approximate allowance could be made 
by the use of Fig. 5.21c. Clearly, since this calculation 1s 
based on a knowledge of the volume of solid material present 
it can be extended to cases in which the quantity of pulp 
is either less than or greater than that required to fill the 
void space between the balls. In the second case, that in 
which the solid material is just sufficient to fill the space 
between the balls, it would be expected that the con- 
sistency of the pulp would have but little effect and, as a 
first approximation, may be neglected. 

In both cases the fluidity of the pulp will have some 
effect, in that, with a more fluid pulp the finer particles 
will be washed from between the balls and the efficiency 
of the crushing process improved. This action will also 
lead to an amount of selective grinding, but this subject 
will be treated in a later chapter. Thus, an approximation 
to the value of dg(U) may be made. 

The diameter, u, of the exit aperture from a mill would 
be expected to have but little effect upon the rate of milling 
since, other things being equal, variations in this dimen- 
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sion will merely vary the flow rate through the mill. In 
addition the effects of variation of this quantity are in- 
cluded when the calculations are based on the actual 
contact time of the material with the mill. There might 
remain, however, some small effects arising from variation 
in the perfection of the mixing in the mill, with varying 
exit diameters, and similar minor influences; but such 
[uctors would be expected to be unimportant. ‘The experl- 
mental data relating to this variable are sparse, but the 
curve of Fig. 5.23 indicates the trends as far as they can be 
(lecluced from the published evidence. It is at once seen 
that the effect of this variable is small. It is clear that the 
length of the mill is also a significant variable in this 
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respect; since this affects the angle of slope of the surface 
of the charge, but there are insufficient data for the rela- 
lionships to be evaluated. 

The question of the influence of the ratio of new feed to 
circulating load does not appear to have received system- 
tic treatment, but general conclusions based on the 
previous treatment may be drawn. 

Irom the previous treatment it is clear that, provided 
the ratio of ball size to average particle size is not too 
small, the rate of grinding is not greatly influenced by the 
size distributions of the granular material, and the fore- 
woing work may be used for the estimation of the increase 
of surface in the mill. Thus, the combined feed may be 
(yeated as a normal feed and the product size calculated 
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TABLI, 
Authority Material Mill size | £ N U N 
Diam. (in.) N. da( | 
x Length N, 
Coghill and Devaney * Chert 19x36 |1-0 | 0-60 | 0-60 | 
(Table 25) , 24x24 |1-0 | 0-60 | 0-60 0-68 
Dolomite | 68x48 | 0:36 | 0:80 | 0-77 0-68 
i 19x36 | 0-36 | 0-80 | 0:77 rh 
Gow, Guggenheim, Dolomite 78 x 144 | 0-36 | 0-715) 0-78 
Coghillt (Table 16) 0-70 
Maxson, Cadena and | Quartz 6-28) 12x12 | 1:08 | 0-89 | 1-00 | 
Bondt 6-48 1-0 | 0-89 | 1-00 0-98 
6—100 10 | 0-89 | 1-00 0-98 
6-200 1:0 | 0-89 | 1-00 re 
Coghill and Devaney, Chert 19x36 | 1-0 | 0-40 | 0-60 . 
Rod Mill (Table 9) * 19x36 | 1-0 | 0:70 | 0-60 a 
Starke§ Cement 36x48 |0-5 | 0-75 | 1-00 
Clinker 0:87 





* Ball Mill Grinding. U.S. Bur. of Mines Tech. Paper, No. 581. 
+t Trans. Amer. Inst. min. (metall.) Engrs, 1934, 112, 24. 

t Ibid., 112, 130. 

§ Rock Prod., 1935, 38, 40. 


from it by the use of the various functional relatio 
already discussed. 

On the basis of the present analysis equation (5. 9) & 
the computation of the change of specific surface, n” ) tor 
simplified. 

It has been suggested that ¢,(D2g0/E) = (D°go/E, 
$5(gt2D) = (gt2/D)1/2, so it follows that ) 


5 = «(“p*)-te(p) -49(0)-#e 5.) 40(6) A 


x $o(7)-b11( 5) “+65. 99) 


mnships 


nay be 


and 








PROCESS OF GRINDING WITHIN A MILL 179 

1.3 
i) @) asia |r| | @) lata * 
f) D 2\D}|"3\D G S\o 
0-05 | 00010 | 1.0 | 0-95 | 1-00! 1-00 10-50 | 0-70 | 30 | 06 10-036. 
(05 | 0-0008 | 1-0 | 1-00 | 1:00! 1-00 |0-50 | 0:70 | 3:0 | 06 |0:030 
(05 |} 0-0003 | 0-75 | 0-73 | 1:00} 1:00 | 0-50 | 0-70 3:0 0-6 | 0-006 
0:05 | 0-0010 | 0-97 | 0-95 | 1:00; 1:00 | 0-50 | 0-70 3-0 0-6 | 0-030 
0:03 | 0-00013| 0-83 | 0:50 |1-00/ 1-0 |0-47 | 0:72 | 3-0 | 0-6 10-0082 
0094! 0-005 | 0:85 | 0-60 |0-36/ 40 |0-213/ 0:96 | 3-0 | 0-6 |0-0079 
0:094| 0-005 | 0-85 | 0-60 | 0-36) 4-0 |0-213| 096 | 3:0 | 06 10-0104 
(:094/ 0-005 | 0-85 | 0-60 | 036/40 | 02131096 | 3:01] 06 |0-0121 
0094! 0-005 | 0-85 | 0-60 |0-36! 4:0 |0-213| 0-96 | 3-0 | 0-6 |0-0144 
0-066! 0-:0007 | 0:90 | 1:0 |1-0 | 10 |045 | 0-75 | 3-0 | 06 |0-78 
0-066! 00007 | 0:90 | 1:0 |1-:0 | 1-0 |045 | 0-75 | 3:0 | 0-6 10-74 
(028) 0-001 1:00 | 0-60 | 0:3 5-0 0-48 | 0-7 2:0 0-8 |0-012 

| 
where $>(d/D) is read from Fig. 5.12, 

¢3(b/D) is read from Fig. 5.11, 

d4(N/N,) is read from Fig. 5.17, 

$g(a/0) is read from Fig. 5.5, 
o_(J) is read from Fig. 5.19, 

¢o(V) is read from Fig. 5.2I1c, 

and $11(u/D) is read from Fig. 5.23, 


the graphs dg(U) and ¢j9(N) being omitted since it has 
been shown that their effects are largely included by the 
correct computation of the values of other variables. 

The value of the constant K must be determined by 
reference to the results of experiment and there is an 
amount of data available for this purpose. In Table 5.3 
ire given a number of values; based on C.G.S. units, but 
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with # taken as unity for chert. All these figures are seen 
to be of the same order, there being about a 3 to | ratio 
between the extreme values. This scatter probably arises 
from difference in the bases of calculation of the change 
in specific surface; since the various workers have different 
methods. The agreement is such, however, as to suggest 
that the general method of approach is correct and that 
an accurate series of experiments for the evaluation of the 
constant is the primary requirement. On the basis of these 
limited data, however, it appears safe to draw the pro- 
visional conclusion that the value of the constant K, in 
equation (5.20), may be taken as 


K = 0-02 for a ball mill | 5.2] 
K = 0-75 for a rod mill f (9.21) 


with a deviation of, say, +50%, but these figures will 
probably be modified as more data become available. 
Thus, the rate of change of specific surface may be calcu- 
lated from the mill dimensions; provided the grindability 
of the material, relative to chert, is known. 

There now remains the question of the grinding of a 
mixed material; this case being practically important 
since, for example, any ore contains at least two com- 
ponents. The problem has been studied by Holmes and 
Patching,‘8) and some interesting tentative conclusions 
have been reached. 

The rate of grinding is written in the form: 

M="" eee (5.22) 
where &/ is the weight of product per revolution, € is the 
bulk density of the material, W the weight of material in 
the mill and & is the specific rate of reduction, and it is 
shown that the ratios (k;'/k’) and (k,/k,) are approxi- 
mately equal and sensibly independent of the proportions 
of the two components in the mill; k,’ and k," being the 
specific rates of reduction for the two materials milled 
separately and k, and k, for them milled together. 
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Thus, it appears reasonable to conclude that when two 
materials are ground in combination, the rate of produc- 
tion of surface in each of the components is in the same 
ratio as it would be if the materials were milled separately. 
furthermore, the rate of change of specific surface in each 
component is the same as when the component is milled 
separately. [his view is also confirmed by Gow, Guggen- 
heim, Campbell and Coghill, who show that for tests on 
chert-dolomite mixtures, the rate of size reduction is, very 
roughly, proportional to the grindabilities of the chert and 
dolomite when milled separately. 
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CHAPTER 6 


OTHER CONSIDERATIONS 
RELATING TO THE 
CHARACTERISTICS OF A MILL 


In the previous chapter the influence of the various 
physical quantities defining the mill and mill charge has 
been studied in connection with the performance of a mill 
as a device for the creation of new surface in the powder. 
For some purposes, however, it is also desirable that the 
product should have a preferred form of size distribution 
curve. For example, in mineral dressing it is usually neces- 
sary that the material below about 200 mesh should be a 
minimum. To some extent such modifications in the size 
distribution characteristics can be brought about by 
changes of the mill dimensions. It must be emphasized, 
however, that such changes are of limited scope but, even 
so, are often worth-while. 

The first relationship to be considered is the effect of 
the variation of the ball diameter, or rod diameter, upon 
the size distribution obtained. In Fig. 6.1 are shown 
typical size frequency curves obtained by ball milling; 
these curves being deduced from the data of Coghill and 
Devaney"), 

As would be expected, the grinding of a coarse feed 
with small balls does not give rise to the effective grinding 
of the coarse particles in the feed but does produce a con- 
siderable amount of fine product. For the largest ball sizes, 
however, rapid grinding of the coarse fraction is attained. 
Turning attention to the finer feed, however, it will be 
observed that the largest ball size gives a coarser product 
than does the next size smaller balls. Thus it appears that 
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the coarser fractions may be ground, without the produc- 
tion of excessive fine material, by the use of balls of large 
diameter; however, the particle size must not be ex@gisive 
or this benefit is lost. , 
From these rather limited data it would appear that the 
best selective grinding is obtained when the ball diameter 
is about 100-150 times that of the particle to be crushed. 
This figure is very roughly in accordance with that which 
would be deduced from Fig. 5.12, but close agreement 
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cannot be expected since the two cases are not identical, 
Thus one is for the crushing of a powder having a single 
size of particle and the other is for the most rapid produc- 
tion of surface when a material having a wide size-range 
is comminuted. 

For the rod mill, Fig. 6.2, however, marked selective 
grinding is not evident; in fact the size distribution curves 
of the products are very similar for the three sizes of rod 
tested. This 1s to be expected since the results are for 
N/N,=0-4, which would suggest that the charge is cas- 
cading and, in such a case, the rods would act as crushing 
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rolls loaded to give a constant force. Thus, the larger 
purticles would be the first to be broken, whatever the size 
of the rods. It 1s possible that the grinding characteristics 
would be different when the charge is cataracting, but 
evidence on this point is not available. 

l'xamination of Fig. 6.3 shows that variations in the 
density of the grinding media does not have great effect 
in selective grinding; although the use of the more dense 
rods does very slightly increase the preferential grinding 
ol the coarser fractions in the feed. Since, however, it is not 
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practicable to select grinding bodies made from materials 
of a wide range of densities, interest in the effects of this 
variable are theoretical rather than practical. (It should 
be noted that these tests have been run for times such that 
equal work has been expended in driving the mill. Thus, 
it follows that the expenditure of equal amounts of work 
produce practically identical products from the same feed, 
regardless of the density of the grinding media.) When the 
all charge 1s fixed, variation of the quantity of ore in the 
mill brings about no significant selective grinding between 
the different sizes of material in the feed. 
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In Fig. 6.4 are plotted curves, again according to Cog- 
hill and Devaney, which show the effect of pulp density 
upon selective grinding and it is at once evident that a 
more rapid reduction of the larger fractions is obtained 
with a pulp of moderate thickness than with a very thick 
one. Ihe probable explanation of this phenomenon is 
that with a fluid pulp the fine material is washed from 
between the crushing surfaces, and so is mot subject to 
further grinding. In addition, cleaning the grinding zone 
of such material leads to a higher efficiency of grinding of 
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the large particles remaining. Thus, both from the point 
of view of rate of production of surface and of improved 
grinding of the larger materials, it is desirable that the 
pulp should be of moderate consistency. 

Although there is not much evidence on the point, it 
appears that the size distribution curves of the products 
from mills with exit passages of large and small diameter 
are very similar. Thus selective grinding is but slightly 
controlled by variation of this dimension. 

At this point it is of interest to consider, briefly, the 
conditions necessary for maximum efficiency in a mill; the 
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efficiency being defined by the equation 


E x Increase of surface /unit time 


Energy input/unit time ot 


7 = 


Consideration of the treatment of Chapter 3 will show 
that, for practical purposes, the power input to a mill is 
given by 


f= L?- SL(14—~). r'(3 ). pP3(J). pbii(V) 


- (6.2) 


the effect of variations in the other dimensionless groups 
being small. 

Similarly, consideration of Chapter 5 shows that the 
rate of production of specific surface, S/t, is given by 


5 = ee abe He) -sblS)-sholV) + (63) 


the variations of the other dimensionless groups being, 
under normal conditions, negligible. 

Here the pre-sufhix P or S attached to ¢, denotes that 
the power or the surface production, respectively, is a 
function of the dimensionless quantity which follows. 

The total surface, S,, produced is, however, proportional 
to the product of the specific surface produced and the 
volume of the mill. ‘Thus the rate of production of total 
surface 1s given by 


S,  D? a 
t 





bai) b(J)sb0(V) oe (64 


When equations (6,2) and (6.4) are substituted into (6.1) 
the quantities D, e, L and E cancel and the mill efficiency 
if given by 


n= AID A 
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From this equation it follows that, for given values of 
(N/N.), (J), and (V), the efficiency of the mill is inde- 
pendent of size. 

In Fig. 6.5 the curves of power input to a dry mill, 
computed from the results of Chapter 3, and the rate of 
increase of specific surface, from Fig. 5.17, are plotted on 
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a base of (N/N,). From this figure it is seen that, for the 
milling of a dry powder, or a very fluid pulp, there is fair 
agreement between the curve of power input and that of 
the rate of production of specific surface, for all speeds up 
to the critical. For the milling of moderately dry pulps 
there is also fair agreement for speeds up to about 70% 
of the critical. Thus, for these two cases the mill efficiency 
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inay be considered to be sensibly independent of the speed 
of the mill. 

lt is also probable that for speeds above 70% of the 
critical the power demand would fall away when mode- 
ratcly dry pulps are undergoing milling and so, in this 
case also, the mill efficiency would remain sensibly inde- 
pendent of the mill speed. Experimental evidence on this 
ated is lacking, however, so a final conclusion cannot be 
saulely drawn, for this case. 

lt appears to be safe to state, however, that, for all 
practical milling conditions, the mill efficiency is sensibly 
independent of the speed of the machine. 

‘The relationship between mill efficiency and mill filling 
will now be studied. 

In Fig. 6.6a is shown the curve relating the rate of 
production of specific surface to the mill filling (see Fig. 
»,19) and in Fig. 6.6b is the curve of total surface produc- 
lion, per unit time, deduced from it. The curve Fig. 6.6c 
is that of power input to the mill and is, in fact, the curve 
7 lig. 3.9. 

The mill efficiency is then deduced by the division of 
the ordinate of curve Fig. 6.6b by that of Fig: 6.6c and 
ihe curve so obtained is plotted in Fig. 6.6d. From this 
wraph it is seen that the mill efficiency is sensibly constant 
lor fillings of up to about 50% and that for greater fillings 
ihe efficiency increases rapidly. Thus, it would appear that, 
lor the greatest efficiency, a large filling, say 75%, should 
be used. This is only partially true, however, for with such 
4 filling the rate of production of specific surface is reduced 
and so to obtain a product of given fineness the milling 
lime must be increased. If the energy to cause comminu- 
tion were all that 1s involved, this would be immaterial, 
but the energy lost in friction in gearing, bearings, etc., is 
almost independent of the charge in the mill and this loss 
is minimized by the reduction of the milling time to a 
iinimum. Furthermore, the reduction of the milling time 
liberates the plant for other duties and s so is economically 
desirable. 


186 BALL, TUBE AND ROD MILLS 


Thus, on balance it appears that lower fillings, with — 
higher rates of specific surface production, are desirable, 
even though the energy consumption is proportionately 
larger, and the statement by Gow, Guggenheim, Campbell 
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and Coghill@) that: “In commercial operation large 
charges of 55-60% of the mill volume have been found 
to give lower capacities and efficiencies than loads of 
45-50 %”’, is probably well founded. 

Finally, the relationship between mill efficiency and the 
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quantity of solid material present in the pulp, the para- 
meter (V), can be examined. 

In this case Fig. 6.7a shows the curve for the rate of 
production of specific surface, in terms of this parameter 
(see Fig. 5.21) and in Fig. 6.7b is the curve of total surface 
deduced from it. 

The curve of Fig. 6.7c gives the power demand of the 
mill, in terms of the variable V, so deduced from the treat- 
ment of Chapter 3. Although this curve is computed for 
specific values of mill filling and powder density, it is 
probable that the form of the curve is applicable to all 
other practical cases, with an accuracy sufficient for the 
present purpose. 

The mill efficiency is then deduced in the same way as 
previously and it is seen that the maximum efficiency is 
reached when the value of V is about 30%. 

[t must be pointed out, however, that the reduction of 
the quantity of powder in the mill leads to an increased 
rate of metal wear. Thus, the quantity of powder cannot be 
reduced unduly and, on balance, it is probable that the 
optimum value of the parameter (V) is between about 0-6 
and 1-0. 

Tests by Coghill and Devaney‘) show that the hardness 
of the balls has some effect upon the rate of grinding in 
mill. ‘These results are plotted in Fig. 6.8a and it is seen 
that, both for dolomite and chert, there is an increase in 
the rate of grinding with increasing hardness of ball. 
These data require correlating, however, and as a first 
ipproximation this can be carried out as follows. In the 
lirst place it is clear that the greater rate of grinding with 
the dolomite is due to the greater grindability, that is the 
smaller value of E, of this material. There is ample 
evidence however that E, is 2:75 to 3-0 times £, so if the 
ordinates of the curve for dolomite are divided by, say, 2-75 
correlation with respect to this variable is introduced. It 
it also clear, however, that H, the relative hardness of the 
hall to the material undergoing grinding, is an important 
variable. 
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Now a curve by Fahrenwald,“) shown in Fig. 6.8b, 
relating grindability to mineralogical hardness, suggests 
(hat a reduction in the value of # from 1-0 to 1/2-75 cor- 
responds to a reduction of mineralogical hardness from 
|‘0 to 0-5 and so the relative hardness of the ball to the 
dolomite is twice that of the ball to chert. Thus the 
abscissae values of the curve relating to dolomite must be 
multiplied by 2-0. When this is done the curve of Fig. 6-8c 
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is obtained and it is seen that there is fair agreement 
between the results for the two materials. From this it may 
be deduced that the rate of grinding 1s appro 
halved when changing from grinding the softest ore wit 
the hardest possible ball to the grinding of flint with a 
very soft cast-iron ball. 

This result is reduced to the form of a multiplicative 
function in Fig. 6.8d. Unit value of ¢(7’) has been taken 
when H’ = 450, since this corresponds to chert undergoing 
grinding by moderately hard cast-iron balls, which is, as 
far as can be judged, the condition of the tests which have 
been examined in the present work. 

The rate of grinding is not the whole story, however, 
for it has been shown, from theoretical considerations by 
Rose) and from tests on industrial mills by Engels, © that 
ball and liner wear is reduced by the use of soft metal for 
the balls and mill shell when very hard materials are to be 
ground. Thus, although the rate of grinding is reduced, 
the replacement costs of the balls, and also contamination 
of the product, is reduced by the use of soft metal for the 
grinding surfaces. The reduced rate of grinding is doubt- 
less due to the energy absorbed by the plastic and elastic 
distortions of the soft balls reducing that available for 
crushing the particles. 

Whilst dealing with the question of the influence of the 
grinding media upon the grinding characteristics of a mill, 
it is of interest to consider the available data relating to 
tests upon grinding bodies of various shapes. ‘These data 
are collected in Table 6.1, and it is seen that, on all counts, 
spherical grinding bodies give the highest performance 
figures. ‘Thus, although it might be economical to use large 
lumps of ore, or ‘“‘cylpebs’” made from scrap drill-rods, 
when such are available at the plant, there appears to be 
no economic justification for the use of grinding bodies of 
shape other than spherical when the have to be 
purchased at comparable prices. 

The increase of power demand brought about by the 
use of bodies of non-spherical form would be expected; 
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Merit order* based on: 
$ tons/h.p. lb/ton || ————_, —_—___ SS 
hour Undersize |; Power Power/lb | Metal 
produced { consumpt. | undersize | wear 
Coghill and | | 
Devaney?) | Balls 43-2 1-43 68-5 : 
Reject | 
Balls 43-5 1-51 60-5 | 
Fairchild(®) Balls 1-53 t 1-74 t 
Cubes 2:15 7 0-70 
Norris(®) Spheres 1444 389 | 1 i 4 at 
1 
Cylinders 4-61 4 3 4 4 
Cubes 157t 4-89 5 6 6 5 
Discs 4-50 6 4 5 
3 
Modified 
Spheres 4-35 2 2 2 2 
Modified 
Cubes 5°37 3 5 3 6 





* Highest merit—1, lowest merit—5. 
{ Proportional to these figures. 
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since the interlocking is tantamount to an increase in the 
coefficient of friction, which brings about an increased 
angle of slope of the free surface of the charge, and so an 
increased displacement of the centre of gravity, which 
leads to increased power demands. 

The size distribution of the balls in the mill charge 
appears to have no significant effect upon the size dis- 
tribution of the product, nor upon the rate of grinding, 
provided that the size distribution of the balls is not too 
unreasonably chosen. Thus, no significant difference in 
the grinding characteristics can be detected in the pub- 
lished data on the subject between grinding with balls of 
uniform size and with balls having a ratio of diameter of 
largest ball in the charge to the diameter of the smallest 
ball of about 2 to 1-0 or even greater. This comparative 
insensitivity of the grinding characteristics to ball-size 
distribution is fortunate since it means that any convenient 
method of ball rationing may be adopted. — 

This at once gives rise to the question of the equilibrium 
size distribution of the balls in a mill; this distribution 
being in equilibrium under the conditions of wear which 
hold during grinding. The problem has been studied by 
Davis,“ and, on the assumption that the rate of wear is 
proportional to the weight of the ball, it has been shown 
that the size of distribution of the equilibrium charge is 
given by 


.... (6.6) 


where W is the percentage by weight of the balls falling in 
the size interval d, to d,, d,, is the diameter of the balls fed 
to the mill and dy is the diameter at which the balls are 
rejected. 

The results of sieve analysis of the ball charges of large 
mills, quoted by Davis, are in extremely close agreement 
with those calculated from equation (6.6) and so the 
general truth of the theory appears to be established. From 
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ihis 1t would appear that a definite equilibrium of the size 
(listribution of the balls exists. So all that can be done in 
jwiuctice is to feed replacement balls of diameter d,, at the 
correct rate and to remove the balls smaller than diameter 
i, either continuously or at fairly frequent intervals. ‘The 
theory of Davis leads to an expression for the size distribu- 
(ion of the balls in a mill but does not give information as 
io the rate of loss of metal. ‘This matter will be discussed 
in a later chapter. 

The factors upon which the rate of flow of the pulp 
through a mill depends appear not to have received 
extensive investigation. In an article by Anselm,!) trans- 
luted’ by Pearson,“2) a method for the calculation of the 
line of passage of cement through a mill was given. The 
lasis of the method is that the volume rate of throughput 
ij Known and it is assumed that the surface of the powder 
ii coincident with the surface of the ball charge. It follows 
that the average throughput velocity is the quantity of 
(low divided by the area open to flow. From this average 
velocity the time for a particle to traverse the mill may be 
computed. This treatment does not, however, indicate 
whether, for a given rate of flow, the surfaces of the powder 
ind the ball charge will coincide or not. For example, 
with discharge by peripheral ports, it would be expected 
ihat the surface of the powder charge would slope quite 
iharply from the entrance to the exit end. With a trunnion 
overflow mill, however, by the nature of the design, a 
iieep slope is precluded and there would be but a small 
“head” to maintain flow. 

The small amount of evidence relating to the rate of 
low through a mill which is available can again best be 
studied by the use of dimensional analysis. It would appear 
io be reasonable to expect that the mass rate of throughput 
Q tons per hour would depend upon the diameters of the 
mill, of the ball and the particle, D, d and 6d respectively, 
upon the length of the mill, Z, and the speed of rotation, 
N _ It would also be expected that the throughput would 
depend upon the kinematic viscosity of the pulp », the 
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density of the pulp o, upon the exit diameter of the mill u 
and upon the mill filling J. 

When the method of dimensional analysis is applied to 
these variables it is found that 


(Deeg) ~ # (veg) (x,)-(p): (o)- (a) 


(5); w); .... (6.7) 


The kinematic viscosity of the pulp would doubtless 
depend upon the consistency of the pulp, the size of the 
particles in the pulp and on the cohesive properties of the 
solid materials when immersed in the liquid phase. Un- 
fortunately there is not nearly sufficient published data to 
allow a complete study of this equation, but the data of 
Coghill and Devaney, 3) plotted in Fig. 6.9, indicate that 
the throughput varies directly as the mill filling, J, at least 
for values of filling up to 50 %. Similarly, from Fig. 6.10, it 
would appear that the throughput varies directly with the 
speed of rotation, for speeds up to about 70% of the 
critical. At some point above this speed the curve would 
be expected to become horizontal, since at the critical 
speed the charge would be spread around the mill and 
horizontal flow would then be unlikely. Finally, it would 
be expected that the ratio of the average size of the pas- 
sages between the grinding media to the particle size would 
be a controlling factor in the flow of the pulp; since if the 
particles are larger than the passage dimensions there is 
mechanical sieving, whilst, if the particles are relatively 
small, the flow would be limited only by the effective 
viscosity of the pulp. 

Now, from the geometry of a bed of granular materials, 
the mean pore size is directly proportional to the particle 
size. Thus, the ratio (d/b) would be a controlling variable. 
This group is not inconsistent with equation (6.6) since 
(db) = (d)D) = (b/D). merry 

In Fig. 6.11 are plotted the quantities of flow through a 
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rod mill, in terms of the diameter of the rods. A sub- 
sidiary scale also gives the corresponding values of (d/6) 
and it is seen that the rate of flow is substantially inde- 
pendent of the ratio of (d/b) when the ratio is greater than 
about 50. This result is in accord with a finding by one of 
the present authors, Rose and Barnacle,“4) working on 
the flow of suspensions of solid materials through pipes, 
that the hydraulic resistance is independent of the particle 
size provided the ratio of (D/d), where D is'the pipe dia- 
meter and d, the particle diameter, is greater than about 
30 to 40. 

It is improbable, however, that, in practice, the ratio 
(d/b) would exceed about 40-50, since this would give 
rods of excessively large size in relation to the particle. 
Thus, it is probable that the lower values of (d/b) on the 
curves of Fig. 6.11 would be relevant and, for this case, 
Qocd/b. 

Thus, insofar as there are the data available for the 
analysis, it appears that equation (6.7) can be reduced to 


Q = KD2-5J.(N/N.).(d/b). .... (6.8) 


From equation (6.7) it is seen that, all other things being 
equal, the throughput should vary as D?:5. Unfortunately 
data for the verification of this equation are practically 
non-existent, but those given in Table 6.2 suggest that the 
observed throughput is roughly in accord with this ex- 
pression. 

















TABLE 6.2 
Authority Mill size J N Q/Q19.4n. «96 408 
Diam. x N, | observed |__—__——_—__=am 
length (in.) (tons/hr) | Calculated | Observed 
Coghill and 
Devaney“3)| 19x 36 0-50 | 0-8 0-79 1-0 1:0 
68 x 48 0-50 | 0:8 28 25 35 
Norris‘) 90 x 68 0-30 | 0-7 15-20* 26 19-25 





* Estimated figures, 
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The effect of liner design upon mill performance 
ppears to have received little attention. Clearly, the main 
liunction of the liner is to form a removable surface to the 
mnill body, which may be replaced when seriously worn. 
li is also clear however, that the metal plates which serve 
iis purpose may have a surface which ranges from smooth 
(io one which carries an intricate pattern of raised bars or 
junken depressions. The merits of the various types do not 
ppear, however, to have been studied. 

As a first step in the analysis of the problem it would be 
mxpected that liners would fall into one or the other of two 
broad classes: 


(1) Smooth liners, 
(2) “Lifter’’ liners, 


where “smooth” liners are those which have projections 
inwufficient to give appreciable keying between the liner 
ind the ball charge, whilst lifter liners are those which are 
i) heavily ribbed as to give rise to appreciable interlocking 
between the balls and the liners. 

Various common types of liners are illustrated in Fig. 
12, Although these liners have various patterns of pro- 
jections, or depressions, to give an amount of interaction 
between the liner and the grinding medium, it would be 
expected that wear would round the edges. It is doubtful 
whether, after some time in service, the performance of a 
mill with these liners differs appreciably from that of a 
mill with a smooth surface. Liners furnished with heavy 
liller bars are also sometimes used and in such a case the 
locking of the ball charge to the shell must be very effective. 
Nevertheless, although a few vague general statements to 
the effect that a lifter mill gives a product with different 
lize characteristics to that of a smooth mill have appeared, 
(he point does not appear to have been widely investigated. 
lt is probable, however, that, on the grounds of differences 
in the size characteristics of the products, there exists no 
found reason for the use of lifters in preference to the 
tiormal smooth liners. 
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CHAPTER 7 


SURGING AND VIBRATION IN A 
MILL 


lit) phenomenon of “‘surging”’ in a mill is a subject upon 
which very little has been written; presumably because it 
i « condition which cannot be tolerated in mill operation 
incl which must be eliminated by variation of some or 
inuny of the physical dimensions or characteristics of the 
inill or mill charge. The subject is of such importance, 
liowever, that it cannot well be omitted from a book deal- 
itiy with the subject of the tumbling mill. An attempt will 
therefore be made to give, in this chapter, a review of the 
jresent knowledge of the subject. 

The phenomenon known as “surging’’ consists of a 
pendulum-like oscillation of the whole charge of the mill, 
within the mill shell. Thus for one part of the cyclical 
iotion the charge is moving around the centre of the mill 
iti the same direction as the mill shell, and during the 
second part of the motion, in the opposite direction. As a 
consequence of this oscillatory motion of the charge, the 
lorque necessary to maintain the mill shell in steady 
motion fluctuates widely and, in certain circumstances, 
cin make such demands upon the driving motor that the 
‘ircuit breakers are thrown out. This throwing out of the 
‘ircuit breakers is, however, a lesser evil since the danger 
ii, in such a case, apparent and must be remedied. A more 
subtle danger is hidden in fluctuations of torque which are 
insufficient to bring the circuit protective devices into 
Operation. In this case the existence of such fluctuations 
is not apparent, and the maintenance of fluctuations may 
lead to the destruction of the driving gearing through 
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fatigue failure. Although, for obvious reasons, but little ts 
made public concerning such failures, it is fairly well known 
that failure of the gearing of large mills is encountered 
with a frequency such as to suggest that factors other than 
mere wear and tear are operative. 

The oscillatory motion of the charge, which has been 
described above, is complicated by the collapse of the 
leading toe of the charge when the charge comes to rest 
at the end of the forward motion. This collapse imposes 
fluctuations of small amplitude but higher frequency upon 
the fluctuations arising from the main motion; this, in 
turn, gives rise to a complex motion which involves a 
great number of harmonics in the frequency spectrum. 

Consider now the motion of the charge in some detail 
and, since, in Chapter 2, it has been shown that the 
equilibrium surface of the charge approximates to a 
straight line, the charge may be considered to be a mass of 
the shape shown in Fig. 7.1. The following mathematical 
treatment, which has been suggested by Hinsley !), is then 
applicable. 

The charge in the mill is assumed to be a coherent mass 
with the centre of gravity at G. The gravitational force mg 
and the centripetal force mrw? have a resultant R which 
meets the shell at P. This resultant can, in turn, be resolved 
into tangential and normal components at P. 


Then, 
FR = mpR(r62 cos e+ sin y) 
muR cos e(r62+gsin0) .... (7.1) 


le 


since € is small, 
Also, from the equations of motion 
mk26@ = mgr cos @—FR 
or 
§ = = cos 9 ——> wees 
m 
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Fic. 7.1 


Combining (7.1) and (7.2) 


t= 5 COs ps cos € sin 62 COS £ 
iy 
hy AH ——62 
2 22 2 
= (sin & cos 0 —cos é sin hs 
which gives 
§+A,62 = A, sin (€—8) eek doa 
where 
rR cos € r2 + y2R2 cos? € 
A; = a and A, = ee = 
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Let 6=£—0, so 0= —d¢ and 6= —4, so that 
6 — Ad? = —A, sin dp 9:8) oh (7.4) 


This equation can be integrated once by use of the 
integrating factor 2e-?41*, whence 


— e-24,¢ 
e- 241962 — — 2a aa (cos 6+ 2A, sin 6)| +¢ 


Or 
2A 


where 7 and 2A, are related as shown in F ig. (7.28 





Fic. 7.2 


If now the angle 0, at which the charge just slips, is 
observed by experiment and since, for this condition, 
¢ =0 the value of C) the constant of integration, c, may be ~ 
obtained from equation (7.5). Since equation (7.5) is a 
quadratic there are two solutions, ¢, and ¢., to the 
equation ¢2=0 which, in practice, are one negative and 
the other positive. 

The expression (7.5) is the equation for the velocity of 
motion of the charge and the solution can be taken no 
further by formal methods. For practical purposes, how- 
ever, it is desirable to know the time for a complete 
oscillation, since the frequency of the oscillation may then 
be calculated thus. 
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The time, ¢, of the descent of the charge is given by 


. iN dd 
¢ 
Sioa + a8 liens bela ee al 
 Vi249/-/(1 + 44)?)} sin (9 +) + CEP? ] 
‘| lis equation may be solved by graphical and numerical 
iitegration. 


Fic. 7.3 


When the function on the right-hand side of equation 
(/,6) is plotted, a curve of the form shown in Fig. (7.3) 
is obtained. The portion of the curve between b and c may 
le integrated by Weddles’ rule, or any similar method, 
hut owing to the infinite values, the strips above ab and cd 
(unnot be so treated. 

An inverse sine function is therefore fitted to these end 


itrips so that 
B dx B 
} Vata) = sin x[a| ie wee GD) 


and by the correct choice of «, £, a and x a very close fit 
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may be obtained. Thus the time of descent of the load may 
be computed. 

After the load has gripped the shell, the ascent is mace 
at the same speed as the shell. Thus the time of ascent is 
given by (¢;—¢2)/m; where is the angular velocity of 
the mill shell. 

By the above treatment the frequency of oscillation of 
the charge may be calculated, provided that certain in» 
formation, which must be obtained by observation on the 
mill, is available. Furthermore, the treatment is based on 
the assumption that the coefficients of static and dynamic 
friction have constant, although different, values; but in 
fact it would be expected that the coefficient of friction 
would depend on the slip velocity. 

Experiments by Hinsley on a mill of 6 ft diameter with 
40% filling, show that uw,~0-35, w,~ 0-25, that there is a 
lag of about 0-015 sec before the load “locks” on to the 
mill shell, and that the frequency of oscillation is about 
58 per minute. On the basis of the above calculations the 
following results were obtained. 


Time for ascent = 0-233 sec 
‘Time for descent = 0-787 sec 
Time for locking* = 0-015 sec 


Time for cycle =, /1:039.se¢ 


This gives a frequency of 1/1-:035 x 60 =58 c/min, which 
is in close agreement with the observed value. 

The above treatment is of great interest in that it gives 
the frequency of surge with considerable accuracy, but it 
is not of such a nature as to decide, whilst the machine ig 
still on the drawing board, the question of whether a mil 
of proposed design will surge or not. 

In a theoretical study of the problem, one of the present 
writers, Rose,(2) attempted to analyse the motion of the 
mill charge by use of the mathematical method of topology ; 


* Determined by use of an oscillograph. 
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variations of the coefficient of friction with rubbing 
velocity being included in this treatment. On the basis of 
ili topological diagram relating to a mill of about 8 ft 
iiameter, together with an assumed but probably reason- 
aljle relationship between the coefficient of friction and the 
iiubbing speed, the curve relating the torque to rotate the 
ill shell at constant speed, on a base of time, was com- 
uitecl and this curve is shown in Fig. 7.4. From this curve 
| it seen that violent surges in the torque occur; a maxi- 
imum of about 2-5 times the mean torque being attained 
it a frequency of about 30 c/min. This ratio of maximum 






Relative Torque. 
O 


| 2:O Secs. Approx. | 





Time 


Fic. 7.4 


torque to mean torque is in fair accord with an observa- 
lion by Hinsley, working on the mill mentioned previously, 
that during surging the current to the motor varied be- 
tween about 300 and 700 amperes. 

Having regard to the theoretical nature of the treat- 
iment of Rose, which involved a number of assumptions as 
lo the values of important parameters, the agreement 
letween the observed and calculated magnitude of the 
vurrent surge is as close as can be expected. It appears 
reasonable to conclude that peak values of the torque of 
it least two or three times the mean value may be en- 
ountered during surging. 

The topological method is, however, not of a nature 
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such as to be readily used in the design office. In an effort 
to obtain a simple criterion for the existence, or none 
existence, of surging, an experimental investigation was 
carried out by one of the present authors with a co-worker, 
Rose and Blunt); use being made of the small-scale 
models and the test apparatus already illustrated in 
Pig: 3.1. 

The basis of this work is that the angle 2« through which 
the centre of gravity of the mill charge oscillates is depen« 
dent on the “‘fluidity’”’ of the charge and this quantity, for 
reasons already discussed, depends upon the mill diameter, 
D, the ball diameter, d, upon the coefficient of friction p, 
of the mill charge (if ~=0 the mill charge would alwa it) 
be in stable equilibrium at the lowest position of the mill 
and upon the change of the value of the coefficient ot 
friction with the sliding velocity. Thus if u, =9(1+¢Bv) 
where ¢@ denotes some function, the amplitude would 
depend on uo, B and ¢. 

The amplitude would also be expected to depend upon 
the speed of rotation of the mill, NV, and upon the periodi¢ 
time, t, of the oscillation of the mill charge as a pendulum, 
This would appear to be reasonable since if N and ¢ are 
such that the mill makes one or 1/n revolutions, where n 
is an integer, during the time that the charge makes one 
complete cycle, then any roughness of the mill, such as a 
filling hatch, would produce forces which are synchron« 
ized with the oscillation of the charge and the oscillations 
would build up. If, however, synchronization is not 
present, then oscillations would be unlikely to build up. 

Finally, the amplitude would be expected to depend 
upon the mill filling, J, since both the restoring force 
acting on the mill charge and the frictional forces, which 
depend on the number of contact points, depend upon 
this quantity. 

Thus 

= "PD, d, t,t, N; BJ) tee 


where again ¢ denotes “‘some function of”’. 
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If now the methods of dimensional analysis are applied 
i these variables it is found that 


a = ${(D/d), (Nt), (u), (J), (BDN)} .... (7.9) 


The analysis may be carried further thus: 

let N be some fraction of the critical speed N, of the 
mill so that N=AN,. Now it is easily shown that, for a 
viven mill filling, the periodic time of oscillation of the ball 
(large varies directly as 4/D and also that the critical 
jpeed N, varies as »/(1/D) and so the value of (Né) 1s 
iiilependent of the size of the mill, thus it follows that, as 
liv as this group is concerned, the results of the model 
at are directly applicable to the full-size mull. 

Turning attention now to the group (BDN) it follows 
that, as before Noc4/(1/D) so this group becomes (B,/D). 
Thus, it follows that there is some “‘scale effect’’, the value 
wf this group increasing as the root of the mill diameter. 
ut on the other hand, the value of B is usually small and 
(> the variations in the value of the group would be 
mxpected to be small. Furthermore, the effects rising from 
ihe velocity dependence of the coefficient of friction can be, 
io some extent at least, absorbed by the use of the average 
lwtween the coefficients of static and dynamic friction. 
Thus, it would be expected that, in any practical mill, the 
lect of this group will not be large. 

Thus, the basic equation for surging in a mill reduced 
i), at least for a first approximation, 


a = ${(D/d), (u),(J)} se (7.10) 


In accordance with this equation, tests were carried 
Hut to establish how the existence, or otherwise, of surging 
ilepends on the dimensionless quantities on the right-hand 
ble of the equation. 

It has already been shown, in Chapters 2 and 3, that 
ihe fluidity of the charge decreases with an increasing 
iiimnber of contact points and with increasing coefficient 
of friction. Thus, the mill filling, J, and the coefficient 
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of friction, w, are, as far as the fluidity of the charge is 
concerned, interchangeable, and it would be expected 
that these quantities would occur in the form of the 
product Ju. Then, from analysis of the experimental re- 
sults, it was found that a line could be drawn across the 
field of a graph, Fig. 7.5, on which (J) is the ordinate and 
(D/d) the abscissa, and according into which part of the 
field of the graph the operating points fell, either surging 
does or does not occur. Thus, in order to establish whether 





surging is likely to occur or not it is only necessary to 
establish the product of J, the proposed filling of the mill, 
and yu, the effective coefficient of friction of the ball charge 
and material undergoing milling, and to plot this value 
against the proposed value of the ratio D/d. If the operat« 
ing point so obtained is well inside the “non-surging”’ zone 
then it is improbable that the mill will surge but if the 
point is inside the “surging”’ zone, or dangerously near the 
boundary line, then surging is likely to occur and the size 
of the balls or the magnitude of the mill filling, or both, 
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jhould be varied in order to bring the operating point 
within the “‘non-surging”’ zone. 

The foregoing treatment involves a knowledge of the 
ican of the static and dynamic coefficients of friction of 
ihe ball charge and material being processed, and hence 
ml the static and dynamic coefficients individually. 
!\Xamination of the literature does not reveal values of the 
soetlicients of static and dynamic friction applicable to 
inuuies of balls loaded with various types of powder. How- 
ever, the authors have made rough determinations of these 
values under conditions which are likely to be applicable 
ti ball mills; that is, balls and powder were placed in an 
upen-bottomed box on a smooth steel surface and the 
inuctive force necessary to move the box measured by means 
af a spring balance. This method is believed to give 
ieults of sufficient accuracy for the present purpose and a 
iitimber of such results are shown, for purposes of illustra- 
lion, in Table 7.1. 








TABLE 7.1 
Nature of Coefficient of Coefficient of Mean value 
sliding system static friction | dynamic friction of coefficient 
Ls ja of friction pu 
Nivel on steel: 
“bricuted with 
inolybdenum 
iliwulphide 0-18 0-18 0-18 
Lubrleated with | 
iil 0:25 0-18 Q-21 
Ulewned and 
ivied 0:37 6-30 0-33 
With free silica 
powder 0-42 0-41 0-41 


With free emery 
powder 0:44 | 0-42 0:43 
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It might be of interest to note in passing that the 
dependence of surging upon the coefficient of friction, as 
revealed by model tests, is as shown in Table 7.2, and that 


TABLE 7.2 


_—-  — ee ee 


Conditions in mill Observation 
eee eee aes eee eae ee eC CO Cees eee 
Balls and Mill—Cleaned and dried Surging occurs 
Balls and Mill—Oiled Surging occurs 
Balls and Mill—Treated with molybdenum disulphide | Surging occurs 
Balls and Mill—With about 1% of voidage filled with 





silica powder No surging 
Balls and Mill—With about 1% of voidage filled with | 
emery | No surging 





this observation is in accord with experience, since it 
is unusual, though not impossible, for surging to arise in 
mills grinding cement clinker, limestone or such similar 
materials which give rise to a high coefficient of friction 
Confirmation of the general accuracy of this criterion is 
contained in Fig. 7.6, in which the operating points for ti 
large number of mills are plotted; these points being cab 
culated from the data of Taggart“) and relating to mill 
between about 4 ft and 104 ft diameter. Additional dat 
relating to mills between 2 ft and 8 ft diameter grindi 
molybdenum disulphide and graphite are included; thes 
being supplied by Messrs. Acheson Colloids Ltd. 

The data have been reduced on the basis that the coe 
cient of friction is, for the metalliferous ore, 0:4; a fi ur : 
which is reasonable for such materials. In fact, the data 
also refer to mills fitted with various types of liners, 
“Shiplap”’, ““Wave’’, etc., but it is probable that all ol 
these liners would approximate to “‘smooth” after some 
wear has taken place and so, for ‘safety, these mills should b 
operated under “non-surging”’ conditions. Examination 
of Fig. 7.6 shows that, although some closely apprope 
the boundary, all the points, with one exception, fall 

within the non-surging zone. Thus, there is fair, Choma 
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not absolutely conclusive, evidence that the results of the 
small-scale tests apply directly to large mills, and so that 
the effect of variations of the group (BD) is negligible, 
Strictly, the above criterion is applicable only for values 
of the ratio (N/N,) greater than 0-15 since it is found that 
surging does not occur for running speeds less than thin 
value. This further condition is, in practice however 
trivial since industrial mills are rarely, if ever, operatet 
at such low speeds. 

In the derivation of the curve of Fig. 7.5, the existence, 
or non-existence, of surging was determined by observa« 
tion of the sound of the mill and of the fluctuations of the 
dynamometer arm. It is improbable, therefore, that the 
surging was completely suppressed; although it was so for 
practical purposes. It is probable, however, that the 
boundary line on Fig. 7.5 corresponds to a small fluctum: 
tion of torque; say 5 % or 10 % of the mean value. It would, 
therefore, appear that further lines could be added to the 
graph, as shown in Fig. 7.7, in which each line represent 
a fluctuation in the driving torque, equal to some definite 
percentage of the mean value. If this is a true picture ol 
the case, then it would appear that a given mill might be 
subject to considerable fluctuations of torque, even though 
the gross manifestations of the occurrence of surging, such 
as the throwing-out of the circuit breakers, are not at oncd 
apparent. 

From the tentative graph, Fig. 7.7, it is clear that small 
changes of operating conditions could bring about appre» 
ciable changes in the fluctuation of torque. It is probable 
that it is these minor differences in, for example, the 
coefficient of friction of the charge, which give rise to the 
often inexplicable failures which occur in the gearing of 
some mills, whilst identical mills working under apparently 
identical conditions suffer no such breakdowns. As an 
example of this the attention of the writers has beet 
drawn, Anon.,®) to the case of a number of identical tube 
mills, working under apparently identical conditions, in 
one of which mills the main gear pair failed after about 
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1,000 hours’ service; whereas the other mills have given 
iompletely satisfactory performance over a number of 
years. The reduction gearing of these mills, which were 
ievigned and constructed by makers experienced in the 
joustruction of gear trains such as those used in rolling 
iiilly and in ship turbine installations, were generously 
joportioned and apparently adequate for the heaviest 
iliity, If now it is assumed that the fundamental fluctua- 
iti of torque is of the order of 30 c/min, which the tests 
i! Hinsley and the calculations of Rose indicate as being 
probably reasonable, and that the reduction ratio of the 





0 20 40 60 80 1OO 


Ratio + DY, 
Fic. 7.7 


low speed pair is 5 to 1, then 10,000 hours of service 
Would correspond to about 3,000,000 cycles of stress on 
ihe gearing. It is significant that it is at this order of num- 
hers of stress cycles that fatigue failure would be expected 
fo occur. 

If, in the absence of an exact knowledge of the com- 
position of the gear material and the heat treatment em- 
ployed, it is assumed that the fatigue characteristics of the 
your material aré approximately the same as those for 
which the diagram Fig. 7.8, quoted by Morley,(® was 
ilerived, then this diagram may be used for the further 
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analysis of the present problem. The diagram of Fig. 7.0 
is such that, for an indefinite number of reversals before 
failure, the working stresses must fall within the shaded 
area. 

Now suppose that the minimum stress, corresponding 
to the mean driving torque, is 20 tons/in?. It follows tha 
if failure is not to occur within a limited number 6 
applications of the stress, the maximum stress must nol 
exceed about 25 tons/in?; that is, the allowable fluctuation 
of torque must not exceed about 25 % of the mean value 
However, it has already been suggested by Fig. 7.7, th 


30 


2 


Fic. 7.8 


fluctuations of this magnitude may well arise from quil 
moderate changes in mill conditions, possibly by, say, 109 

variation in the value of the coefficient of friction of th 
charge, and that such changes could well be brougl 

about by differences in pulp density, particle size, surfae 
finish of the balls and mill, etc., which are so small as to bh 
normally regarded as unimportant. Thus, it would appe 
that the unexplained gear failures encountered in practic 
might arise from differences in the physical conditions : 
the mill liner, ball charge and powder characteristid 
These are so small as to be regarded as unimportant but di 
in fact, have a profound effect on the torque fluctuatior 
transmitted to the gearing. The problem is still furthe 
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jomplicated by the fact that the stresses involved will 
iypend upon such factors as the rigidity of the drive, the 
li(jue-speed characteristics of the motor, etc. Thus, for 
/sample, if the motor characteristics are such that the mill 
i» allowed to lose speed as the torque increases, the load 
oi) the gearing will be lower than if the motor maintains 
iw speed of rotation more or less constant. For these 
ieusons exact calculations as to the torque fluctuations are 
linipracticable, but there remains no reasonable doubt 
jliut a mill should be operated as far within the “non- 
Nitging”’ zone of Fig. 7.5 as is possible. 

lt has already been pointed out that, owing to the 
periodicity of any surging motion of the charge within 
iw shell and to the collapse of the toe of the charge, the 
iliivtuations of the torque transmitted by the driving 
iiechanism will contain a very large number of harmonics. 
li is, therefore, possible that resonance might occur at 
tine frequency, between a mill and nearby apparatus 
which, if the adjacent equipment were sensitive to vibra- 
lion, could give rise to difficulties, the origin of which 
Hiight not be easily traced. Problems of this nature have 
leon discussed in a recent article, Anon.,(7 in which it is 
jhown that appreciable vibration may be transmitted 
iivough a piled foundation; the vibration being trans- 
mitted down the piles beneath the mill, through the bed- 
ick and then emerging through other piles beneath the 
ivighbouring equipment. This effect would not be ex- 
jected to be so marked with friction piles, since there 
would then be no underlying rock to transmit the vibra- 
lions and the clay itself would introduce considerable 
damping. Nevertheless, it would appear that the correct 
design of foundations from the viewpoint of the trans- 
iiwsion of vibration, is essential. 

ln the same article, it is mentioned that some vibration 
fmanated from the mill gearing and it was suggested that 
(hiv condition could be alleviated by the use of fibre or 
spiral toothed driving pinions in the gear train. In view of 
the discussion in the earlier part of this chapter, however, 
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it appears that attention to the conditions within the mill 
shell might be more effective than such modifications {i 
the gear train itself. A further type of vibration which 
might well be mentioned is the vibration of the mill shell, 
as a beam, under the influence of the falling charge. Prol» 
ably the greater part of this vibration is absorbed hy 
damping in the metal of the shell, the joints between the 
liner plates, etc., and, in a ball or tube mill there appeat 
to be no need to introduce any special measures for iti 
suppression. In a rod mill, however, the individual ro¢ " 
give a more violent impact when they make contact with 
the liner or the toe of the charge. It appears to be common 
practice to insert billets of wood between the liners and 
shell of such mills in order to attenuate the shock and 16 
introduce some damping. 

The particularly destructive action of heavy rods falling 
on the mill liners emphasizes, however, the importance of 
running rod mills at a speed such that the rods impinge or 
the toe of the charge and not upon the liners. 
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CHAPTER 8 


METAL WEAR IN MILLS 


Jit, cost of replacement of the metal worn from the work- 
inw surfaces of the balls and liners of a mill often represents 
4 considerable fraction of the cost of operation of the plant 
ind so is of some real economical importance. In spite of 
iliis importance, however, the amount of information 
available on this subject is amazingly small and, unfortu- 
iitely, is insufficient to form the basis of more than a very 
ientative analysis of the problem. As far as is known the 
inly attempt to derive a theory for metal wear is that of 
one of the present authors, Rose,@) and the relevant parts 
a! this treatment will be outlined briefly here. 

The basic idea underlying this treatment is that particles 
of the material undergoing milling will, upon contact, be 
(viven into the surface of the balls at a rate which depends 
ion the relative hardnesses of the ball and particle, the 
(juantity of powder present and upon other such factors. 
Ii iy also assumed that, provided there is relative tangential 
notion between a pair of balls, one or other of the em- 
hedded particles will, upon making contact, as in Fig. 
l,la, be torn out. This then leads to the conclusion that 
ihe particles will be torn from the metal surfaces at a rate 
which is a function of the relative hardness of the ball and 
jarticle, of the number of particles embedded, the relative 
jliding velocity, and similar factors. 

When the rates of embedding and removal of particles 
ive equal there will be an equilibrium number of particles 
#mbedded in the metal surfaces or, in other words, a cer- 
iuin portion of the surface of each ball will be “‘armoured”’ 
with embedded particles. If now, an embedded particle 
in one ball traverses the ‘‘unarmoured” part of the surface 
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of a neighbouring one, as in Fig. 8.1b, then metal wea 
will take place. In the work cited the calculation of suc 
wear has, to a first approximation, been carried out & 
it is suggested that the relationship between rate of wei 
and relative hardness of ball and particle has the fori 
shown in Fig. 8.2, whilst the relationship between rate 6 
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wear and quantity of powder in the mill has the form 
Fig. 8.3. 

Although the derivation of these curves is completé 
theoretical there is some qualitative evidence in sup a 
of their validity. Thus for example, it is clear from Fig. 
that if a material is being ground by balls of approximate 
equal hardness (H = 1), then the ball wear may be redue 
either by increasing or by decreasing the value of A 
however, a hard mineral, say of Brinell Number ak 
500 to 600, is being milled, it is not practicable to use ba 
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i! appreciably greater hardness and so the reduction of 
wear by increasing the hardness of the grinding surface is 
jt possible. In such a case, however, the rate of wear can 
lw reduced by the use of very soft metal (by reducing H) 
jtul so carrying the operating point well to the left of the 
fimkimum of curve Fig. 8.2. This improvement is, of 
iourie, brought about by the increased “‘armouring”’ of 
iw surface of the balls by the particles. Conversely when 
# very soft material is being ground, the ratio H will be 
veuter than unity, even with soft metals, and so the 
perating point is on the right-hand side of the peak. In 
ihiy case reduced wear is obtained by increasing the hard- 
id of the metal. 





These conclusions are confirmed by the practical ob- 
rvations of Engels) that for the grinding of soft materials 
i hard mill body and balls should be used, but for grinding 
linvcl materials a soft but tough metal should be used for 
ile grinding surfaces. Similarly, the curve of Fig. 8.3, is 
fontirmed by Smith,) who states that it is well known to 
| v operators that an improved fineness, in a given time, 

{ Attained when the quantity of powder in the mill is 
irduced, but that this improvement is obtained at the 
epenee of increased iron wear. 

n order to analyse the various published data, advan- 
iifye may well be taken of the simplification offered by the 
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method of dimensional analysis and this will be used as 4 
basis of the subsequent treatment. 

It would be expected that the total wear of metal 
W, |b, would depend upon the relative hardness of ball 
and particle, H, upon the size of mill, ball and particle, 
D, d and 6 respectively, upon the length of the mill, /, 
upon the speed of the mill, N, and upon the density of the 
ball material, g. It would also be expected to depend upon 
E,,, the energy necessary to increase the surface of the 
metal by unit amount, upon the mill filling, J, upon the 
fractional volume of the powder, V, upon the pulp con» 
sistency, U, upon gravity, g, and upon the time of milling, /, 

This may be written symbolically as 


W, = d{D, d, b, L, H, E., 0, N,2,t,J,V,U} .... (Oy 


and, after applying the usual methods of dimensional 
analysis, this leads to 


(D2) = #{()> (a): (a) (a) (wes) (Fe) 
J), (V), (UY ee (8.2) 


This can be simplified, however: since (DN?/g) is, from 
equation (3.7), equivalent to (N/N,)?. 


(Die) = 4-49 preg)-#2Ca7)-4(3) (0) 


x $6( 55) (J) -Fo(V)-$9(0) —_ 


First examine the functional relationship ¢,(N/WN,) 
Data by Coghill and Devaney(3) and Gross, (®) relating 
metal wear, are plotted in Fig. 8.4, and on the same graph 
the curve relating the rate of production of specific sur 
face to the group (N/N,), taken from Fig. 5.17, is shown 
for comparison. It is at once seen that there is clos 
agreement between the rate of production of specific sur 
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luce in a mill and the rate of ball wear, insofar as these 
\j\iintities depend on the speed of rotation of the mill. 
li iy also found that for slow speeds, (N/N,) <0-6, the 
linctional relationship can be replaced with reasonable 


Rate Of Increase Of 
Specific Surface. 


Ball Wear Data Of 
@ Coghill And Devaney 


Relative Rate Of Wear And Relative Rate OfCrinding. 





accuracy by ¢,(N/N,) =K(N/N,)!:8° and for the higher 
ipeeds, (V/N,) > 0-6 by 


$i(N/N,) = K(N/N,)°°. 


The decrease in the rate of ball wear at higher speeds 
would be expected since, whilst decreasing the tangential 
motion, the cataracting would increase the frequency and 
iitensity of impacts which would promote armouring. 
Aw the centrifuging condition is approached the number 
of balls in action decreases, which again would reduce 
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ball wear. Thus the curve of Fig. 8.4 appears to be af 
reasonable form. 

The close agreement between the points and of 
curve of Fig. 8.4 suggests that the metal wear per unit 
increase in surface attained should be approximately indé. 
pendent of the speed of the mill. A study of Chapter 3 7 
shows that, for a mill of given size and for speeds of u 
about 70%, of the critical, the power input to a mill | 
proportional to the speed of rotation. Again insofar as thie 
curve of Fig. 8.4 may be replaced by a straight line ove 
this range, it also leads to the fairly generally accepted 
conclusion that the rate of wear is proportional to the 
power absorbed in a mill. Thus it appears that the ball 
wear is, very roughly, proportional to both rate of produc: 
tion of surface and to power input to the mill. This al 
implies that the rate of production of surface is roughil 
proportional to power input; which has also been dedueall | 
in Chapter 6. It is considered, however, that to attempt 1 
calculate the metal wear by reference to power input or ta 
surface increase is artificial and that the calculation 
should be treated as a separate problem involving its owll 
relationships between the mill parameters. 

The next relationship which is fairly obvious is dg(L/d 
since the total rate of ball wear must vary directly as 
length of the mill; all other quantities remaining ui» 
altered. 

Turning now to the group (£,,/D?og) 1t would appea 
that, on logical grounds, the relationship must take thi 
form 


(W,|D%o) = K(D?eg/E,) —..-» (8 


since, all other things being equal, the total wear, 
must be inversely proportional to the value of £,,. Um 
fortunately there is no evidence against which this rel 
tionship can be tested directly. 

Turning next to the function ¢;(b/D) there are ini 
relevant data by Mortsell(®) which suggest the gener 
form of this relationship. These data are plotted in Ii 
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ii, and it is seen that the curve has a sharply defined 
inuximum. The probable explanation of the form of this 
‘urve is that the “armouring’’ becomes less effective but 
(le abrasion increases with increasing particle size until 
ihe maximum is reached. After this, even though the 
‘armouring”’ is still ineffective, the particles separate the 
tnetal surfaces, acting rather like ball bearings, and so, 
with increasing size, reduce the abrasive wear of the 
inetal, It should be noticed that, for the right-hand 
branch of the curve, which is the practical range, wear 
varies approximately inversely as (b/D) or, thus, directly 
a) (D/b), and so with the mill diameter. Conversely, for 
ihe left-hand portion of the curve the wear varies almost 





exactly as (6/D); or thus as (D/b)-!°. The left-hand 
branch is clearly for large balls grinding a fine powder and 
the right-hand side is for small balls with coarse material 
present. 

Considering next the effect of relative hardness on the 
tate of ball wear; a theoretical relationship has been pre- 
jented in Fig. 8.2. Data for the checking of this relation- 
ihip are almost completely lacking, but a few values of 
hall wear, for different Brinell hardnesses of ball, pub- 
lished by McLeod) are plotted in Fig. 8.6. This curve 
ihows the general form of Fig. 8.2, but definite correlation 
‘nnot be made since very mixed minerals were milled 
and the corresponding mineral hardness is unknown. 
Thus, in the absence of more complete data it must be - 
Bemed that the curve of Fig. 8.2 represents this relation- 
ihip. 
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The influence of the ratio of mill size on the rate of went 
¢,(d/D) can more conveniently be written in the form 
¢,(D/d), and in Fig. 8.7 are plotted the data of Coghill 
and Devaney) and Gross, relating to the wear of ball, 
when the charge consists of balls of uniform size, and al 
McLeod”), relating to the wear of balls of size dina char 
consisting of balls of mixed sizes. A simple change of t- 
vertical scale of these curves brings them into coincideno# 
and so they may be generalized into the curve of Fig. Bt) 
this curve representing the function ¢4(D/d) insofar ian | 
may be derived from these data. It is also seen from 1 
figure that, over the practical range of 10 <(D/d) < 50, 
the function may be replaced by $,(D/d) =0-556(D/d)0 
with an error of less than about 10% 

The relationship between rate of wear of the metal 
faces and the ball charge in the mill is shown by the dat) 
of Gross, plotted in Fig. 8.9. This curve is seen to be, 
very roughly, of the same form as that of Fig. 5.18, relating 
to the total surface produced. The agreement with th 
general form of Fig. 3.5 relating the power input to tli 
mill, is not so good for the higher mill fillings; the rate ¢ 
metal wear being much higher than the power input. Thi 
observation is in accordance with the hypothesis of “ar 
mouring”’’ since, with high mill fillings the balls are con 
strained to roll, with considerable abrasion, but impatt 
which leads to effective armouring, is suppressed. 

The only data relating to the effect of the quantity am 
consistency of the pulp on the ball wear appear to 
those of Gross.) Unfortunately, these are insufficient 4 
form the basis of a complete analysis. Furthermore the 
data appear to be defective in that they are based on ru 
of 21 minutes’ duration and it appears that this period! | 
insufficient to allow equilibrium to be reached; that 1s f 
the armouring to have become established. However, | 
the absence of more complete data these must be acceray 
tentatively. It appears that, as a first approximation, tI 
effects of both pulp quantity and pulp density can 
stated in terms of the volume of solid material present b 
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use of the function (V) where, as before, the quantity V 
is defined by 


Volume of particles 
+ Volume of space between the particles (8.5) 


Volume of space between the balls (or rods) 


V = 





Fic. 8.10 


and the curve of ¢19(V) so deduced is given in Fig. 8-10, 
This curve should, however, be taken as only the roughest 
approximation to the actual relationship. 

Collecting these data, the equation for ball wear 
becomes | 


W, = KD35E -1.091/2Lt.4,(H) $s Fy) $.(5) ts) 
x b7(J) .¢10(V) . (8.6) 
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where ¢,(H) is read from Fig. 8.2, 
d3(N/N,) is read from Fig. 8.4, 
¢,(D/d) is read from Fig. 8.8, 
$5(5/D) is read from Fig. 8.5, 
$7(J) is read from Fig. 8.9, 

and ¢i9(V) is read from Fig. 8.10. 

Ifnow £,, and g are regarded as sensibly constant for 
any steel used in the manufacture of balls and liners, and if 
#,(D/d) is replaced by (D/d)® and ¢;(b/D) by (D/)), 
which may be done over the practical range of these 
variables, then equation (8.6) becomes 

W, = K,D*-%d-0155-1-0Lt. d(H) .b3(N/N,) 
x$x(J)-dio(V).--+ (8-7) 

In practical milling the ball diameter is usually ap- 
proximately a constant multiple of the particle diameter, 
v0 this equation becomes 

W, = KpD*d-1-18Lt..44(H).$9(N/N,) 
x $x(J).b10(7) ees (88) 

If the relative hardness, H, the mill filling, J, and the 
ratio of solids, V, are maintained constant, then, from the 
relationships ¢)(N/N,) =K(N/N,)!:3° for low speeds and 
piN/™.) = K(N/N,)°8 for high speeds, this relationship 

ecomes: 

For low speed, 

W, = K,D4-8(N/N,))3d-116Lt =... (8.9) 
and for high speeds, 
W, = K4D*-8(N/N,)98d-1-15Lt .... (8.9a) 

The number of balls in the mill oc D?LZ/d? so the wear 
per ball W, is given by 

For low speed, 


W, = K,D-2-65q1-85( N/N,)}:3¢ eevee (8.10) 
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and for high speed, 
W, = KgD2-85q)-85( N/N,)°8t =... (Gre 


These equations should be contrasted with those of 
Hukki®): 
For low speed, 


W, = KD?2-5(N/N,)a- Lt oes OR 
and for high speed, 


W, = KD25(N/N,)Lt .... (8110) 


which lead to: 
For low speed 


W, = KD-5(N/N,) dt .. +. (on 
and for high speed, 
W, = KD9-5(N/N,)d3t .... ze 


For low speeds the présent equation is in fair agreement 
with that of Hukki insofar as ball diameter is concerned, 
but at high speed, and in all other respects the agreement 
is not so good. 

The formulae of Hukki are, however, derived from first 
principles on the basis of clearly defined assumptions 
These assumptions are that, for slow speed, the rate of 
wear is proportional to the rubbing velocity and, for high 
speed, the wear is proportional to the force of the blow, 
The first assumption appears to be quite reasonable but 
the second is not so free from objection. In the first place, 
the question of the comminution of a material by a blow 
is involved, and this has already been shown to be a co 
plicated question. Even, however, if the damage 
assumed to be proportional to the intensity of a singl 
blow, the “‘armouring”’ of the ball surface, and also any 
work hardening of the metal, would be expected to reduct 
the rate of ball wear at high speeds. 
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Having regard for the general uncertainties in the data 
ituclied, the equations can be simplified to, for all speeds, 


W, = KD*:%(N/N,)d-) Lt wig. vim, KO ca) 
unc 
W, = KD?2-85(N/N.)d?Lt on GS 


An equation given by Mortsell(®, for the rate of metal 
wear, 1S 
SKM 
Ww = ( 7) ‘afte Cen 


where M, is the total weight of balls, W,’ is the wear per 
linit time, d is as before and KX is a constant which generally 
lulls between 9 and 16 for Swedish ore but, in extreme 
cases, between 5 and 23; W,’ being in kilograms per hour 
und M, in metric tons. 

Since M,oc D2ZL it follows that, from this equation, the 
(otal wear is proportional to D?; not to D4-® as suggested 
previously. 

_ It is interesting now to examine equations (8.13) and 
(8.14) in the light of the published results of the various 
iwuthorities. 

Firstly, it has been suggested by Davis, that the rate 
of wear of an individual ball is proportional to d3. But 
Hthis,@0) Prentice,@)) Garms and Stevens,2) Norman and 
Loeb,“!3) and Norquist and Moeller™*) state that the rate 
of wear is proportional to d?. Furthermore Bond, “®5) gives 
various figures, such as 2-0, 2-21 and 2-29 whilst Tag- 
wart (6) gives 2-0 for cascading balls. Thus, on this point, 
the results of the present analysis are roughly in agreement 
with the view of the majority of other workers, but more 
work is required before this question is settled. 

The question of the influence of the mill diameter does 
not appear to have received more than passing study but 
the suggestion that the ball wear varies as D?:6, where D 
is the mill diameter, appears to be reasonable. A serious 
criticism of all the work cited is that no effort appears to 
have been made to maintain similarity between the 
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various tests. The most satisfactory type of equation 
would appear to be equation (8.6) and, whenever possible, 
the results should be presented in this, or similar, form. 

Since, however, the balls are invariably of iron or steel 
the value of E,, and @ may be regarded as sensibly con» 
stant, so the equation may be reduced to 


W, = KD®5Lt.4y(H)-$s( 57) -#4(-g) 45 5) 
x ba(J).be(V) eee (8.16) 


An effort has been made to calculate the value of K in 
this equation, on the basis of the various published work, 
augmented with reasonable assumed values where neces+ 
sary, and these values are given in Table 8.1; all values in 
C.G.S. units. 








TABLE 8.1 
Authority Value of K 

— | eee rr 
McLeod") test: (1) Chill-cast balls 1-6 x 10-8 

(2) Sand-cast balls 1-6 x 10-8 

(3) Annealed balls 2:3x 10-8 
Coghill and Devaney) 0-6 x 10-8 
Mortsell(®) (pot mill test) 2-6 x 10-8 
Mortsell (from eqn. (8.15) for 6-ft x 6-ft mill) 12x hs 


The values calculated from equation (8.16) show fairly 
wide disagreement but this is not surprising since values 
for many of the parameters have been assumed. It appez 
however, that K = 1-6 x 10-8 with an error of about + 50%, 
Thus it appears safe to conclude that the foregoing analysi 
includes the major factors in the mechanical wear of ball 
and liners and it is possible that it can form an adequat 
basis for an extended and improved treatment. 
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It should also be pointed out that corrosion has an im- 
portant effect on the rate of liner wear. Thus, if corrosive 
\ubstances are present, the products of corrosion will be 
removed from the working surfaces by abrasion and new 
metal will be constantly exposed to chemical action. The 
wear arising from this cause will be proportional to the 
area of metal exposed, but there is insufficient data for an 
analysis of this problem. 
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CHAPTER 9 


THE ROLE OF ADDITIVES IN 
MILLING 






















THE term “additive” is applied, in milling practice, to 
various substances which, when added to the contents of 
a mill, bring about an improvement in the rate of grindin 
and, therefore, a reduction in the time of grinding required 
to attain a specified degree of fineness. Additives could also 
be introduced in order to attain some special character» 
istic of the final product. However, such applications are 
dependent on the purpose of the final product and so are 
outside the scope of the present chapter. An interesting 
feature of additives is that the quantity required is gener 
ally very small; usually being between about 0:01 %, ta 
0-1 % of the weight of the charge treated. 

That additives are of sufficient importance industrially 
to warrant consideration is shown by recent work of 
Skaupy,) in which it is shown that the rate of milling 6 
iron powder in iso-amyl alcohol is no less than twenty 
times the rate in dry air. These tests were carried out on 
vibration mill, and so might not be directly comparable 
with a ball mill, but nevertheless the result is significant, 
In view of the large energy requirements for grinding, 
especially fine grinding, a saving of even 20% in mille 
ing time could make a substantial saving in millin 
costs. 

In view of the potential importance of these substanc@ 
it is perhaps surprising that their mode of action is no 
precisely known. It is impossible to establish from thi 
literature on the subject whether their action arises fron 
improvement in the conditions of crushing by the preven 
tion of a coating of powder on the ball surface, from 
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prevention of agglomeration in dry milling, or flocculation 
in the case of wet milling, or by some action within the 
particle, such as the promotion of the spread of the fissures 
which occur naturally in all solid materials. It is possible, 
indeed probable, that all these modes of operation are of 
importance, either singly or in various combinations, 
(lepending on the circumstances and the controlling con- 
clitions present. 

For dry milling, the additive may be present in solid 
form, in the form of a solution added to the dry feed, or in 
i gaseous or vapour state. For wet milling, the additive is 
resent in the water; the concentration generally being 
css than 1 % of the solid material present. 

Before discussing in detail the use of additives in milling 
it is perhaps relevant to recall what has been said earlier. 
As shown in Chapter 4, for a substance in which the yield 
tress and the stress for fracture coincide, the strain energy 
eventually reappears as heat and the energy associated 
with the creation of new surface represents a very small 
lraction of the total energy involved in the crushing opera- 
lion; this energy being only about 5% of the total when a 
particle 1s comminuted in a simple impact crusher. For 
very fine powders, however, the surface energy becomes 
more important and manifests itself in high adsorbtivity 
and the tendency to agglomeration observed in finely 
divided substances. Even so, the energy associated with 
the surface is a small proportion of the total involved. 
Because of this it is difficult to see how the reduction of the 
surface energy can significantly affect the energy required 
for grinding but, nevertheless, surface active dispersing 
agents are often very effective grinding aids. The reduction 
of the surface energy of the particle itself is not, however, 
the only possible explanation of the action of these 
materials. 

A possible direct mechanism for the operation of these 
substances has been suggested by Rehbinder.) Assuming 
that the molecules of the additive are adsorbed on the sur- 
face of the particles, then the cohesive forces which bond 
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operation of solid additivesin dry grinding; for example the 
improved mill performance obtained when a small quan» 
tity of carbon black is added to the cement clinker under» 
going grinding. Here again, it is suggested that the 
function of the. additive is in the prevention of cushioning 
since Schweitzer and Craig‘4) have observed that addition 
of carbon black in proportions as low as 0-08 % is highly 
effective as a cleaning agent for the surfaces of the balls 
and mill. 

A rather different explanation of the operation of addi» 
tives is put forward by Bond®); it again being suggestedl 
that ball coating is an important factor. These testi 
showed, in the first place, that with a soft material, such 
as limestone, excessive ball coating occurs with powders 
of much larger particle size than for hard materials, such 
as quartz. Furthermore the occurrence of coating is prat» 
tically independent of the character of the grinding media} 
cast, forged and ball-bearing steel balls showing no sige 
nificant difference other than that, when new, the smoot 
hard balls are not subject to coating. Once abrasion has 
removed the surface, however, these balls show the same 
behaviour as the others. 

According to Bond, the ball coating consists of an inner» 
most layer of particles, of about 0-5-50u in diameter, 
wedged into the surface of the ball. The outer layers of 
particles making up the coating are keyed to this inne 
layer and are of much larger size. The effect of these layers 
is to cushion the grinding surface and so to greatly decrease 
the grinding rate. It is possible that other mechanisms are 
operative; for example the beneficial results obtained by 
the use of small quantitites of carbon black as a ia 
aid with cement clinker suggests some analogy with 
electrostatic precipitation. In this application it is known 
that the addition of a small amount of carbon, generally 
in the form of unburnt fuel, can bring about the precipita 
tion of a flue dust which otherwise cannot be treated; the 
function of the carbon apparently being to form a con 
ducting network through the layer of powder by which 









































THE ROLE OF ADDITIVES IN MILLING 24-1 


electrical charges leak away to the collector electrode. Is 
it not possible, therefore, that some such mechanism 1s 
present in this application? 

The question of additives will now be considered in 
more detail; commencing with dry grinding. As previously 
stated, in dry grinding the additive may be present, 
at least in theory, in solid, liquid, vapour or gaseous 
form and some of the most interesting results of the use of 
these additives are reported from the cement industry. 

According to Berry,‘® advantages have been shown by 
the use of vinsol resin, cod oil, beef tallow, aluminium 
stearate and glycerol in the grinding of cement clinker. In 
oe colloidal carbon and two dispersing agents, 

nown as R.D.A. and T.D.A. have proved effective. 
According to Kennedy,“ R.D.A., which is arylalkyl- 
sulphonic acid, and T.D.A., which is a mixture of tri- 
ethanol-amino salts and highly purified calcium salts of 
lignin sulphonic acid, were introduced as dispersing agents 
and catalysts to improve the properties of cement. ‘These 
additives were introduced in the form of a solution in 
water, to the raw clinker feed of the tube mull in the pro- 
portion of about 0:06% by weight of the charge. Apart 
from the improvement in the setting properties of the 
cement, the output of the mill, for the same specific sur- 
face, was reported to be increased by 30-40%. The 
researches of Schweitzer and Craig“) into the grinding of 
cement clinker, in a laboratory ball mill, with carbon 
black as a grinding aid show a continuous increase in the 
rate of grind, or fineness attained in a given time, for 
additions up to about | % by weight of the feed. ‘The rate 
of grinding thereafter fell with increasing amounts of the 
additive. 

These results, which are summarized in the curve of 
Fig. 9.1, show that the time required to grind to 85% 
through 325 mesh is reduced by 35°4 when compared 
with that required when no additive is used. The curve 
also shows that the optimum quantity of additive is fairly 
definite; small deviations from the optimum quantity 
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having appreciable effect. This conclusion appears to be 
true for most additives. 

As previously noted, quantitites of additive as low as 
0-08 % by weight of the solid present had a marked effect 
on the cleanliness of the mill surfaces, without producing 
noticeable colour deterioration of the product. The rate of 
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grinding is not, however, markedly improved by this small 
quantity of additive. 
The work of Bond®) shows that the addition of a small 
amount of water, 0-889 by weight, brought about 
reduction in the coating of the balls. A solution of T.D.A,, 
at about 0-13 °% by weight of the feed, however, lee ( 
about complete inhibition of ball coating. It was therefor 
concluded that the action of the additive in preventing 
coating of the ball charge was more important than effec 
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arising from adsorption on the surface of the particles. 
This view is supported by the fact that the small amounts 
of additive which are sufficient to bring about a marked 
improvement in the rate of grinding, are sufficient to allow 
the formation of a monomolecular layer on less than 20% 
of the product surface. It is also supported by the fact that 
even large changes in the surface energy would produce 
but small proportional changes in the energy demanded 
by the whole grinding process (since the surface energy 
represents a very small fraction of the total energy demand 
of the process). It is also significant that the solid additives, 
mentioned earlier, all tend toinhibit ball coating; probably 
by imparting a greasy surface to the grinding media since 
they are all known to exhibit marked lubricating properties. 

The effect of very small quantitites of water in pre- 
venting ball coating is known in other applications. For 
example, Manson®) states that it is well known in the 
paint industry that, in the grinding of dry-process enamels, 
the addition of as little as 0-0625 % of water can be effective 
in the prevention of ball and liner coating. Furthermore, 
the coating can also be removed from badly coated balls, 
under running conditions, by the addition of a few wet 
balls to the mill charge. Bond®) suggests that selective 
hydration of the particles at the ball surface might be the 
reason for the inhibition of coating by small quantities of 
water. Such a suggestion is, at the most, tentative. 

The reason for such preferential hydration at the sur- 
face of the balls is not clear, but it must be remembered 
that, at the moment of impact, there is a considerable 
amount of energy dissipated and, doubtless, some of this 
could be used to bring about various chemical, or physico- 
chemical, reactions which demand an input of energy. 
This possibility is supported by an observation by 
Pryor,(®) who found that copper ore was changed to a 
compound of a higher energy level at points where the 
balls of the mill rubbed the ore without breaking it.* 


* One of the authors (H.E.R.) has a piece of this ore, presented to him 
by Mr. Pryor, which clearly shows this transformation at a number of points 
where contact has been made with the balls. 
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There are other examples of the increase in the rate of 
grinding brought about by the use of additives in dry 
milling. For example, Waeser 9 states that both R.D.A, 
and ammonium salts are effective in the grinding of 
graphite and that oleic acid is an effective additive for the 
grinding of zinc blende. Gotte and Ziegler“) quote 
interesting results as to the milling of cement clinker, 
marble and glass in atmospheres of various polar and non« 
polar substances. The tests were carried out in a vibrating 
mill, the additive being introduced in vapour form into 
the previously evacuated mill body containing the feed, 
The polar additives investigated were acetone, nitro» 
methane and water; the non-polar additives being carbon 
tetrachloride, benzol, hexane and petroleum ether. 

These results can be summarized as follows: 


(1) In the milling of clinker, the improvement brought 
about by the use of non-polar additives in place of 
an atmosphere of dry air, decreases with increasing 
fineness and increasing time of grind; the average 
increase in relative fineness being 10—20 %. The polar 
additives show an increasing effectiveness with time 
of grind and fineness of powder; the most effective 
being acetone which led to improvements of 10- 
50 % in the rate of grinding, relative to that carried 
out in dry air. 


(2) Marble showed the same general characteristics 
but, in this case, water vapour, which led to a 60%, 
increase in speed of grinding compared with a dry 
atmosphere was the most effective additive. 


(3) For the grinding of quartz, polar and non-polar 
atmospheres led to about the same increase in the 
rate of grind. 


(4) Glass proved anomalous in that, whilst non-polar 
additives effected some small increase in the rate of 
grind, polar additives produced a very definite 
decrease in the grinding rate. No definite explanation 
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of this anomaly is forthcoming but it is possible that 
it might be connected with the strong adsorptive 
properties of finely divided glass powder. 

Whilst it.is realized that the tests of Gétte and Ziegler 
are not strictly relevant, in so far that they were carried 
out in a vibration mill, it is considered that they are of 
interest in that they are, as far as is known to the authors, 
the only tests carried out with a controlled atmosphere 
consisting of a surface active agent in vapour form. The 
method may well have applications for certain specialized 
batch dry-milling operations. 

Turn now to the use of additives in wet milling. Accord- 
ing to Berry,‘®) silicates, phosphates and arylalky!- 
sulphonic acid are often used as additives in wet milling; 
the paint and colour industry, especially, offering a very 
wide field for the use of such agents (Anon.‘2)), 

Probably the most thorough investigation into the 
effects of additives in wet milling is that reported by von 
Szantho(3) In this work, the effect of varying percentages 
of flotation additives and of oleonic acid on the wet milling 
of quartz and limestone, in a laboratory batch ball mull, 
was investigated. In each case the characteristic product 
particle size, d, resulting from grinding for 30 minutes was 
estimated from the size frequency curves. The results, 
showing this characteristic particle size plotted against the 
percentage concentration by weight of the additive, are 
shown in Fig. 9.2. It 1s seen that, in each case, there is an 
optimum percentage beyond which the grinding rate 
decreases with any increase in the quantity of additive. 

Von Szantho considers that the effect of the additive is 
primarily due to the lowering of the surface energy of the 
particles, arising from the adsorption of the additive, with 
consequent widening of the elementary cracks and fissures 
on the surface of the particles. As discussed previously, it 
is implicit in this conception of the operation of additives 
that their effect should become progressively greater with 
increasing fineness of grind. ‘The undersize curves shown 
in Fig. 9.3 do in fact show that the effect of the additive is 
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greater at the smaller particle sizes (for particles below 
about 60z). 
The decrease in the rate of grinding observed when the 
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concentration of additive exceeds a certain value is tenta- 
tively explained on the basis of the lubricating effect of 
these substances at high concentrations. ‘This explanation 
is supported by the data of Fig. 9.4 and Fig. 9-5, in which 
curves of surface produced and coefficient of friction are 
plotted against concentration of additive. These curves 





248 BALL, TUBE AND ROD MILLS 


show that for concentrations of additive for which the 
coefficient of friction is high the rate of grinding is high, 
but when the coefficient of friction decreases the rate of 
grinding diminishes also; the curves of coefficient of fric- 
tion and rate of grinding being closely similar. Thus, 
von Szantho concludes that the coefficient of friction is of 
major importance in the grinding rate, and that, at high 
concentrations, the decrease in coefficient of friction oul 
weighs the advantages gained from the reduction in surface 
energy arising from the surface adsorption of the additive, 
This result is also of interest in the light of the contents of 
Chapter 7, in which it is suggested that surging in a mill 
might be brought about by a small reduction in the 
coefficient of friction of the charge. Thus, the curves of 
Fig. 9.4 and Fig. 9.5 suggest that the use of additives might 
reduce the coefficient of friction by 40-50% and this 
could well prove more than sufficient to cause a mill, 
which otherwise performs satisfactorily, to surge. 

It is also interesting to enquire why the rate of milling 
should fall with decreasing coefficient of friction. Clearly 
this must arise from a reduction in the effective height of 
fall of the centre of gravity of the mill charge and this 
would probably arise from slipping of the charge on the 
mill shell. If this is, in fact, so, then it would be expected 
that the use of adequate lifters would, to some extent al 
least, restore the rate of grinding. Possibly there is also 
some relationship between the slipping and the increased 
rate of liner and ball wear, with wet grinding as compared 
with dry grinding, which is sometimes reported. 

It is of interest that von Szantho cites the work of 
Rehbinder®) and of von Engelhardt) in support of his 
conclusions. Rehbinder showed a correlation between the 
surface hardness of materials and their resistance to 
scratching with a fine point. It was also shown that there 
is a progressive decrease in the resistance to scratching 
with increasing quantities of additive adsorbed on the 
surface of the body, there being a close correlation between 
the resistance to scratching and the adsorption isotherm, 
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with a minimum of resistance to abrasion being reached 
under conditions of complete adsorption. As much as 70% 
decrease in surface hardness was measured in this way, the 
maximum decrease corresponding to the greatest differ- 
ence in polarity between the medium and the surface. It 
is suggested by Rehbinder that non-polar additives would 
be the most effective for hydrophilic materials, and polar 
additives should be used for hydrophobic crystals. 

Engelhardt reports the work of Obreimoff,“5) who 
measured the elastic work done in separating the lamina 
of mica and found that this was numerically equal to the 
theoretical surface energy of the new surface formed. 
When splitting of the lamina was carried out in the pre- 
sence of surface active media, however, the surface ex- 
posed, for a given amount of strain energy, increased in 
proportion to the decrease in the surface energy caused by 
the adsorption. Engelhardt further conducted tests on the 
abrasive grinding of quartz with a silicon carbide disc, in 
the presence of various additives. It was found that polar 
and dipolar additives were very effective in reducing the 
resistance to abrasion. In particular small quantities of 
octanol or butyric acid in benzol or sodium silicate in 
water were effective in reducing wear resistance. 

Skaupy") has recently reported some outstanding 
results obtained from the milling of iron powder in various 
fluid media. Although the tests were carried out in a 
vibrating mill, they are included here on the grounds of 
their importance. It was found that the rate of grinding 
of iron was five times as great in glycol, and no less than 
twenty times as great in iso-amyl alcohol as in dry air. 
The tests revealed that dipolar additives were especially 
effective as grinding aids, as would be expected from sur- 
face energy considerations alone. 

Although, in view of the more marked effect, the 
evidence points to a lowering of the surface energy as 
being an important factor in the operation of additives in 
wet milling, the evidence in the case of dry milling is more 
confused. ‘The effectiveness of various materials with pro- 
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show that for concentrations of additive for which the 
coefficient of friction is high the rate of grinding is high, 
but when the coefficient of friction decreases the rate of 
grinding diminishes also; the curves of coefficient of fric- 
tion and rate of grinding being closely similar. Thus, 
von Szantho concludes that the coefficient of friction is of 
major importance in the grinding rate, and that, at high 
concentrations, the decrease in coefficient of friction oul 
weighs the advantages gained from the reduction in surface 
energy arising from the surface adsorption of the additive, 
This result is also of interest in the light of the contents of 
Chapter 7, in which it is suggested that surging in a mill 
might be brought about by a small reduction in the 
coefficient of friction of the charge. Thus, the curves of 
Fig. 9.4 and Fig. 9.5 suggest that the use of additives might 
reduce the coefficient of friction by 40-50% and this 
could well prove more than sufficient to cause a mill, 
which otherwise performs satisfactorily, to surge. 

It is also interesting to enquire why the rate of milling 
should fall with decreasing coefficient of friction. Clearly 
this must arise from a reduction in the effective height of 
fall of the centre of gravity of the mill charge and this 
would probably arise from slipping of the charge on the 
mill shell. If this is, in fact, so, then it would be expected 
that the use of adequate lifters would, to some extent at 
least, restore the rate of grinding. Possibly there is also 
some relationship between the slipping and the increased 
rate of liner and ball wear, with wet grinding as compared 
with dry grinding, which is sometimes reported. 

It is of interest that von Szantho cites the work of 
Rehbinder®) and of von Engelhardt 4) in support of his 
conclusions. Rehbinder showed a correlation between the 
surface hardness of materials and their resistance to 
scratching with a fine point. It was also shown that there — 
is a progressive decrease in the resistance to scratching 
with increasing quantities of additive adsorbed on the 
surface of the body, there being a close correlation between 
the resistance to scratching and the adsorption isotherm, 
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with a minimum of resistance to abrasion being reached 
under conditions of complete adsorption. As much as 70% 
decrease in surface hardness was measured in this way, the 
maximum decrease corresponding to the greatest differ- 
ence in polarity between the medium and the surface. It 
is suggested by Rehbinder that non-polar additives would 
be the most effective for hydrophilic materials, and polar 
additives should be used for hydrophobic crystals. 

Engelhardt reports the work of Obreimoff,“5) who 
measured the elastic work done in separating the lamina 
of mica and found that this was numerically equal to the 
theoretical surface energy of the new surface formed. 
When splitting of the lamina was carried out in the pre- 
sence of surface active media, however, the surface ex- 
posed, for a given amount of strain energy, increased in 
proportion to the decrease in the surface energy caused by 
the adsorption. Engelhardt further conducted tests on the 
abrasive grinding of quartz with a silicon carbide disc, in 
the presence of various additives. It was found that polar 
and dipolar additives were very effective in reducing the 
resistance to abrasion. In particular small quantities of 
octanol or butyric acid in benzol or sodium silicate in 
water were effective in reducing wear resistance. 

Skaupy®) has recently reported some outstanding 
results obtained from the milling of iron powder in various 
fluid media. Although the tests were carried out in a 
vibrating mill, they are included here on the grounds of 
their importance. It was found that the rate of grinding 
of iron was five times as great in glycol, and no less than 
twenty times as great in iso-amyl alcohol as in dry air. 
The tests revealed that dipolar additives were especially 
effective as grinding aids, as would be expected from sur- 
face energy considerations alone. 

Although, in view of the more marked effect, the 
evidence points to a lowering of the surface energy as 
being an important factor in the operation of additives in 
wet milling, the evidence in the case of dry milling is more 
confused. ‘The effectiveness of various materials with pro- 
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nounced lubricating properties such as carbon black, as 
an aid in the grinding of cement clinker, is much easier to 
explain on the basis of the inhibition of ball coating by 
means of the deposition of a layer of carbon on the balls. 
Furthermore, the small quantities of water which have been 
observed to remove the coating from a badly coated mill 
lends support for the idea put forward by Bond®) that, in 
this case, the particles are removed from the surface by a 
process of selective hydration, a surface phenomenon. 
However, the small quantities of water which are effective 
suggests that the adsorption occurs at the ball surfaces 
only. It thus appears that the surface phenomena involved 
are complex and that present knowledge is insufficient to 
give more than a very imperfect picture of the mechanism 
which is operative. 

In conclusion, it is fair to say that any process of crush- 
ing must be influenced to a large extent by the nature of 
the atmosphere in which the operation is carried out. 
There is ample experimental evidence that in many cases, 
the energy or time of grind to a given fineness, and also 
the ultimate fineness of grind attainable, can be favourably 
modified by the introduction of a suitable additive into 
the mill. In view of the very large energy requirements for 
grinding, and in particular fine grinding, and also the low 
theoretical efficiency of the grinding operation as at pre- 
sent carried out, it would appear that the use of milling 
additives could effect substantial economies. It is also 
clear that the subject has not yet received the attention 
which its importance warrants, and it appears to be a 
field in which much interesting research remains to be 
done. 
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SUBJECT INDEX 


Abrasion, grinding by, 133, 140 Flying, 48, 60 
Additives, milling : Profile, 51, 64, 65 
Charge friction, effect on, 247 Rolling, 49 
Cleaning of surfaces by, 242, 243 Total, 48 
Common, 240-4 Circle, Davis, 44, 58 
Function of, 236. Classification, 24, 25 
Surging, effect on, 248 Contamination of product, 31, 179, 
Types of— 187, 223 
Gaseous, 237 Coefficient of friction, 54, 213 
Liquid, 237 Comminution : 
Non-polar, 244 Energy distribution in, 115 
Polar, 244 Laws of— 
Solid, 240 Bond, 122 
Vapour, 237 Carey and Stairmand, 125 
Aggregation, 114, 237 Dobie, 124 
Aids, milling. See Additives Kick, 118 
Analysis, Dimensional: | Rittinger, 117, 149 
Metal wear, 224 Modes of— 
Power, 71 Abrasion, 133, 140 
Rate of milling, 142 Crushing, 137 
Surging, 210 Deep bed, 132, 133 
Armouring, 144, 189 Impact, 130, 140 
Associated energy, 125 Single particle, 133 
of calcite, 130 
Ball diameter, influence on: of cement clinker, 30, 240 
Efficiency, 183, 186 of coal, 110 
Metal wear, 228 of coke, 113 
Power, 81, 97 of dolomite, 146, 154 
Product characteristics, 178 of drugs, 32 
Rate of milling, 153 of Durham anhydrite, 134 
Surging, 210 of feldspar, 136 
Ball mill, 21 of galena, 130 
Ball rationing, formula for, 192 of glass, 130 
Ball wear. See under Wear, metal of graphite, 109 
Balls :- of granite, 110 
Cleaning, 242, 243 of moybdenum disulphide, 109, 
Particles embedded in, 144, 189 214 
Blow, cushioning of, 115 of pigments, 109 
Bond’s law, 122 of quartz, 109, 130, 146, 154 
Breakage. See under Comminution of rock salt, 130 
of steel, 110 
Charge: Contact: 
Cascading, 38, 65, 75 Frequency of, 49, 161 
Cataracting, 38, 65, 75 Time of, 163, 167 


Coefficient of friction of, 54, 213 Corrosion, 235 
253 
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Critical speed, 42 
Crushing. See under Comminution 
Crystallite, 112 
Crystallization, 134 
Crystals: 
Imperfect, 110 
Perfect, 109 


Davis circle, 44, 58 
Density of grinding bodies; in- 
fluence on: 
Milling, efficiency of (q.v.) 
—, rate of, 150 
Power, 76 
Density of particle ; influence on: 
Milling, efficiency of (q.v.) 
—, rate of, 150 
Power, 76 
Diameter (ball, mill, particle, rod) ; 
influence on: 
Power, 81, 97 
Rate of milling, 174 
Surging, 210 
Wear, metal (q.v.) 
Dimensional analysis for: 
Milling, rate of, 142 
—, efficiency of, 183 
Power, 71 
Surging, 210 
Wear, metal, 224 
Diffraction pattern, 134 
Drop hammer, 128 


Efficiency. See under Milling, effi- 
ciency of 
Energy : 
Associated, 125 
Balance, 128 
Elastic strain, 128 
Necessary, 116 
Plastic strain, 128 
Sufficient, 116 
Surface, 116, 245 


Flight, time of, 49, 62 
Flying charge, 48, 60 
Fracture, geometry of, 112, 125, 136 
Friction: 
Coefficient of, 54, 213 
Effects of additives on 247 
Influence on— 
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Power, 81 
Milling, rate of (q.v.) 
Surging, 210, 213 


Gearing, destruction of, 204, 218 

Glass, comminution of, 130 

—, effect of additives on the strength 
of, 238 

Grinding: 

Abrasive, 133, 140 
Impact, 130, 140 
Grinding aids. See under Additives, 

milling 
~— bodies: 
Types of, 106, 190 
Merit of, 190 
Armouring of, 144, 189 
—, selective. See under Milling 


Hadsel mill, 129 
Hammer, drop, 128 
Hardinge mill, 26 
Hardness (grinding media, powder, 
relative) ; influence on: 
Power (4.v.) 
Milling, rate of (q.z.) 
Wear, metal (¢.v.) 







Impact, comminution by, 128, 130 
Interference in trajectories, 50 
— between trajectories, 48 


Kick’s law, 118 
Krupp mill, 28 


Laws of comminution. See under 
Comminution 
Lifters, 22 
Lifters ; influence on: 
Power, 81, 85, 86 
Rate of milling, 197 
Surging, 200, 214 
Liners : 
Armouring of, 144, 189 
Function of, 197 
Types of— 
Step, 198 
Studded, 199-201 
Wave, 198 
Wedge-bar, 198 
Wear of, 200 
Work-hardening of, 200 
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Materials: 


Heterogeneous, 109, 121 
Homogeneous, 109 
Mixed, 110 


Metal, wear of. See under Wear 


Mill, types of: 

Air-swept, 22, 24 
Batch, 22, 29, 90 

Ball, 21 

Grate discharge, 22, 90 
Hadsel, 129 

Hardinge, 26 

Krupp, 28 

Pebble, 21 

Rod, 21, 30 

Trunnion overflow, 22, 90 
Tube, 21 


Mill products: 


Contamination of, 31, 187, 223 
Diffraction pattern of, 134 


200 


— — particle diameter, 153 

— — — density, 150 

— — — grindability, 150, 157, 
169, 189 

—-— pulp consistency, 165, 
171, 182 

— — — charge, 169, 172 

— —relative hardness, 169, 


— — rod diameter, 163, 178 
Fal time of milling, 163, 167, 
2 

— — wet milling, 165 
Reasons for, 17, 18 
Recrystallization during, 134 
Selective ; influence of— 

Ball diameter, 178 

Milling body density, 181 

Particle diameter, 178 

Rod diameter, 180 
Wet, 25, 30 . 


Mill surfaces, cleaning by additives, 
242, 243 


Models, tests on small-scale, 42, 69 
Milling : 


Change of chemical state during, 
243 
Closed circuit, 24 
Dry, 25, 30 
Efficiency of— 
Equations for, 152, 183 
Dimensional analysis for, 183 
a ~/ aim upon mill speed, 
18 


— — — filling, 183, 186 
-—— — pulp charge, 183, 188 
— — — consistency, 184 
Mixed materials, 176 
Open circuit, 25, 165 
Rate of— 
Equation for, 142, 174 
Dimensional analysis for, 142 
Dependence upon ball dia- 
meter, 153 
— —dry milling, 164 
—-— grinding body density, 
150 
— — lifters, 197 
—- — diameter, 174 
— — — filling, 167 
— — — speed, 164 
— — — throughput, 163, 16/7, 
173 


— — milling aids, 236, 245 


Particle, size of; influence on: 
Rate of milling, 153 
Metal wear, 226 
Power, 87 
Particles embedded in balls. See 
under Surfaces, armouring of 
Pebble mill, 21 
Pelleting, 128, 133, 134 
Pigments, 33, 102 
Piles : 
‘End-bearing, 219 
Friction, 219 
Power, dependence upon: 
Ball diameter, 81, 97 
Charge coefficient of friction, 81 
Lifters, 81, 85, 86 
Mill diameter, 73, 96, 97 
— filling, 81, 103 
— length, 72, 99 
— speed, 73 
Milling additives, 247 
— body density, 75 
Particle density, 76 
— diameter, 87 
— grindability, 82 
Pulp charge, 90 
— consistency, 102 
— viscosity, 102 
—, dimensional analysis for, 71 
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Power, equation for, 71, 93, 98, 99, 
100, 101, 104 
Product : 

Contamination of, 31, 187, 223 
Size Distribution of, 179 
Production, rate of. See 

Throughput 


under 


Quartz, 129 


Recrystallization, 134 
Reduction ratio, 117 
Rittinger’s law, 117, 149 
Rod mill, 21, 30 

Duty of, 30 

Power to, 106 

Vibration of, 220 
Rolling, time of, 49, 62 
— charge, 49 


Similarity, dynamical, 69 
Shp: 
On mill surface, 35, 67 
Limiting condition, construction 
for, 67 
Speed : 
Critical, 42 
Influence on— 
Armouring, 144, 189 
Efficiency, 183 
Metal wear, 225 
Power, 73 
Rate of milling, 164 
Surging, 75, 210 
Surface : 
Armouring of, 144, 189 
Profile of charge, 51, 64, 65 
Rate of production of specific. 
See under Milling, rate of 
Surging : 
Criterion for, 212 
Dependence on— 
Additives, 248 
Ball diameter, 210 
Charge friction, 210, 213 
Lifters, 200, 214 
Mill diameter, 210 
— filling, 210 
Speed, 75, 210 
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Dimensional analysis for, 210 
Nature of, 36, 203 
Time of, 208, 209 


Throughput: 
Dependence on— 
Ball diameter, 194 
Mill diameter, 196 
— filling, 194 
Particle diameter, 194 
Pulp consistency, 193 
Speed, 194 
Equation for rate of, 194, 196 
Time of flight, 49, 62 
— of rolling, 49, 62 
Torque, fluctuation of, 209, 217 
Trajectories : 
Construction for, 45 
Equation of, 40, 50, 51 
Interference between, 48 
— in, 50 


Velocity, impact, 137 
Vibration : 
Frequency spectrum of, 219 
Origin of, 209, 217, 219 
Transmission of, 219 


Water as grinding aid, 242, 243 
Wet milling: 
Power demand in, 101 
Reasons for, 25, 30 
Wear, metal: 
Dimensional analysis for, 224 
Equations for, 224, 230, 231, 232 
Influence of— 
Armouring, 221, 232 
Ball diameter, 228 
Corrosion, 235 
Geometry of trajectory, 35 
Hardness of metal, 190, 222 
— of particle, 190, 222 
Mill diameter, 224 
— filling, 223 
Particle diameter, 226 
Pulp consistency, 228 
Relative hardness, 190, 222, 
227 
Speed, 225 





NAME INDEX 


Andreasen, A. H. M., 134 Garms, W. I., 233 
Anon., 216 Geiger, T., 110 
Anon., 219 Gilliland, E. K., 123 
Anon., 245 Gotte, A., 244, 245 
Anselm, W., 193 Gow, A. M., 73, 97, 99, 102, 103, 
Axelson, J. W., 122, 132 104, 174, 186 
Gross, J., 127, 129, 133, 149, 224, 
Baker, T. C., 238 228 
Barnacle, H. E., 196 Griinder, W., 42 
Barth, W., 52 Guggenheim, M., 97, 99, 102, 103, 
Belwinkel, A., 200 104, 174, 186 
Berry, C. E., 241, 245 
Blunt, G. D., 210 Hall, R. G., 129 
Bond, F. C., 84, 99, 122, 174, 233, Hancock, R. T., 100 
240, 242, 243, 250 Hinsley, J. F., 52, 204 
Bowden, F. B., 134 Holmes, J. A., 176 
Honig, F., 121, 122 
Cadena, F., 174 Hukki, R. T., 232 
Campbell, A. B., 73, 97, 99, 102, Humphreys-Owen, S. F. P., 113 
103, 104, 186 Hittig, G. F., 110, 130 


Carey, W. F., 95, 104, 125 

Coghill, W. H., 73, 77, 97, 99, 102, Kennedy, H. L., 241 
103, 104, 146, 150, 156, 156, 174, Kick, F., 118 
178, 186, 187, 191, 194, 196, 224, Kwong, J. N. S., 129, 131 
228, 234 

Coulson, J. M., 123 Lee, E. E., 97 

Craig, A. E., 240, 241 Lewis, W. K., 123 


Loeb, C. M., 233 
Davis, E. W., 43, 98, 192, 233 
Devaney, F. D., 77, 146, 150, 156, Mackenzie, R. C., 134 
174, 178, 187, 191, 194, 196, 224, Manson, M. E., 243 


228, 234 Martin, G., 127, 137 
Dobie, W. B., 124 Maxson, W. L., 174 
McAdams, W. H., 123 
Ellis, O. W., 233 McLeod, N. A., 227, 228, 234 
von Engelhardt, E., 248 Milne, A. A., 134 
Engels, K., 148, 223 Moeller, J. E., 233 
Evans, D. E., 37, 42, 65, 66, 69, 76, | Morley, A., 217 
99 Mortsell, S., 226, 233, 234 
Moser, F., 147 
Fahrenwald, A. W., 97, 189 Miiller, R., 137 
Fairchild, D. H., 191 
Fairs, G. M., 133 Nordquist, D. E., 233 
Felix, W., 110 Norman, T. E., 233 
Fobelets, P, 52, 60 Norris, G. C., 191, 196 


257 


258 NAME INDEX 


Obreimoff, O., 249 


Patching, S. W. F., 176 
Pearson, B. M., 193 

Piret. 55. AZZ, S129 ISI, 132 
Prentice; I’. K.., 233 

Preston, F. W., 238 

Pryor, E. J., 243 


Rammer, E., 137 

Rehbinder, P., 237, 248, 249 

Richardson, J. F., 123 

Riley, D. P., 113 

von Rittinger, P. V., 117 

Rose, H. E., 37, 42, 65, 66, 69, 76, 
99, 113, 143, 196, 200, 208, 210, 
221 

Rosin, R., 137 


Schweitzer, C. W., 240, 241 


Skaupy, F., 236, 249 

Smekel, A., 121,122; \%5U 
Smith, E. A., 223 

Sperling, K., 137 

Stairmand, C. J., 95, 104, 125 
Starke, H. R., 156, 174 

von Steiger, R., 50 

Stevens; J. L., 233 

Stott; F. D., 112 

von Szantho, E., 245, 248 


Tabor, D., 134 
Taggart, A. F., 93, 102, 214, 233 
Theimer, O., 143 


Waeser, B., 244 
Walker, W. H., 123 


Ziegler, E., 244, 245 
Zimmerley, 8S. R., 127, 129, 133 











Bhar 
4? le oe a! Os 


«)! 


' ; 
‘le 1 
7 f ‘ 
: i Hay Fy 
‘seu h 5 i st a * wie 
o ‘ } ‘ t ‘| ' > 
rg ' ee ee see 


: ' ey 

Ai : r uy ) st Y } 
wet i> 1" 0 ll ae 

’ ' : | 5 : ] f ‘ bt ie y 

: is f ’ ] bs ie at % 

: t : 4 Meiers [ 1 
« ‘ Tv .otfis ts 
td Pil i AY 7 

i ans 
4 sf F 4 : ih) oe 
el ‘ 
; ; ' | hi ¢ : e ty Ne, 
: ; ; : | i . , i] s 4 a’ 
" iy)! AG Ai he lee és 
Ail ; ; i’ ‘ ‘A “ 

: pi : > eat 





] fp . roll 
> ' : ( a 
4 ’ . Mi iW , (F | 
rn » i 
oF ' 
‘ 
‘| : 1} ’ 
‘+ 
® y 
s 
* t 7 ; 
4 - 
| Pig - 
¥; 
| A 
AL 
A j ; ‘tak ' , 
ip ee! 
v 
| 2) eae 
i Nhe, 4 ; ? b ' 
= ; 
4 : r ", 
i Li 1 
I - i 
it A ‘W a iy . 4 
0 = 
i] i » 7 f / ’ 
a * ’ é ’ 
vw 7 wi d 
i ; pe v v 
| a! ii | if . ] 
hs K ‘ 
e 


.\e : 
2 ‘ an ee ¢ i, «i : f 
? Ls | | | 
, i 7 as fe ’ . j 








